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Abstract 



We prove that a topological homeomorphism conjugating two generic 1-parameter 
unfoldings of 1-variable complex analytic resonant diffeomorphisms is holomorphic 
or anti-holomorphic by restriction to the unperturbed parameter. We provide exam- 
ples that show that the genericity hypothesis is necessary. Moreover we characterize 
the possible behavior of conjugacies for the unperturbed parameter in the general 
case. In particular they are always real analytic outside of the origin. 

We describe the structure of the limits of orbits when we approach the unper- 
turbed parameter. The proof of the rigidity results is based on the study of the 
action of a topological conjugation on the limits of orbits. 

1. Introduction 

We are interested in the study of the topological properties of unfoldings of 
tangent to the identity diffeomorphisms. We define DifFpi(C"+^, 0) as the set of 
n-parameter unfoldings of local complex analytic 1-variable tangent to the identity 
diffeomorphisms. An element ip of DifFpi(C"+^, 0) is of the form 

Lp{xi,...,Xn,y) = {xi,...,Xn,f{xi,...,Xn,y)) 

where /(O) = and {df/dy){0) = 0. We define Diff;i(C2,0) as the set of diffeo- 
morphisms whose fixed points set does not contain x = 0. We denote by N{ip) or 
N if there is no confusion the number of points in {x = XQ}r] Fix((^) for any xq 7^ 0. 
Clearly it is a topological invariant. We prove the following rigidity theorem: 

Theorem 1.1 (Main Theorem). Let ip,ri £ Diff*;^(C2,0) with N > I such that 
there exists a homeomorphism a satisfying a o ip — rj o a . Suppose that either 'P\x=Q 
or ?7|2;=o is non- analytically trivial. Then a\x=a is holomorphic or anti-holomorphic. 

We denote by Diff 1 (C , 0) the group of local complex analytic 1-dimensional 
diffeomorphisms whose linear part is the identity. An element (j) G Diffi(C,0) is 
analytically trivial if it is embedded in an analytic flow, i.e. is the exponential of 
an analytic singular local vector field X = g{y)d/dy. A consequence of the Ecalle- 
Voronin analytic classification of tangent to the identity diffeomorphisms [4] [29] 
[l2] is that elements of Diff i(C, 0) are generically non-analytically trivial. 

In particular if a generic element (p of Diffpi(C^,0) is topologically conjugated 
to ry G Diffpi(C^,0) then p\x=o and ?7|x=o are either holomorphically or anti- 
holomorphically conjugated. The result is far from trivial since a topological class 
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of conjugacy of a tangent to the identity diffeomorphism in one variable contains a 
continuous infinitely dimensional moduli of analytic classes of conjugacy. 

Let us point out that all the topological conjugations in this paper between 
elements of DifFpi(C^,0) preserve the fibration dx = 0. In other words they are 
of the form a{x^y) = {aQ{x),ai{x^y)). This is a natural hypothesis since we are 
interested in the topological classification of unfoldings. 

A natural problem is determining the classes of conjugacy of unfoldings up to 
topological, formal or analytic equivalence. 

The study of the analytic properties of unfoldings is an active field of research. A 
natural idea to study an unfolding ip in Diff pi (C^, 0) is comparing the dynamics of ip 
and exp(Ar) where X — g{x,y)d/dy is a vector field with Fix{(p) ~ Sing(Ar) whose 
time 1 flow "approximates" ip. This point of view has been developed by Glutsyuk 
[6] . In this way extensions of the Ecalle-Voronin invariants ^ [29] to some sectors in 
the parameter space are obtained. The extensions are uniquely defined. The sectors 
of definition have to avoid a finite set of directions of instability, typically associated 
(but not exclusively) to small divisors phenomena. The rich dynamics of ip around 
the directions of instability prevents the extension of the Ecalle-Voronin invariants 
to be defined in the neighborhood of the instability directions. Interestingly the 
study of the dynamics around instability directions is one of the key elements of 
the proof of the Main Theorem. 

A different point of view was introduced by Shishikura for codimension 1 un- 
foldings [28 . The idea is constructing appropriate fundamental domains bounded 
by two curves with common ends at singular points: one curve is the image of the 
other one. Pasting the boundary curves by the dynamics yields (by quasiconformal 
surgery) a Riemann surface that is conformally equivalent to the Riemann sphere. 
The logarithm of an appropriate affine complex coordinate on the sphere induces 
a Fatou coordinate for p. These ideas were generalized to higher codimension un- 
foldings by Oudkerk |19j . In this approach the first curve is a phase curve of an 
appropriate vector field transversal to the real flow oi X. In both cases the Fatou 
coordinates provide Lavaurs vector flelds X''^ such that p — exp(X'^) [TU]. The 
Shishikura's approach was used by Mardesic, Roussarie and Rousseau to provide 
a complete system of invariants for unfoldings of codimension 1 tangent to the 
identity diffeomorphisms [13^. Rousseau and Christopher classifled the generic un- 
foldings of codimension 1 resonant diffeomorphisms [26 . The analytic classiflcation 
for the unfoldings of finite codimension resonant diffeomorphisms was completed in 
[22] by using the Oudkerk's point of view. 

We described the formal invariants of elements p of Diffpi(C"+^, 0) for any n G N 
in [21]. The invariants are divided in two sets, namely those that are analogous 
to the 1-dimensional formal invariants and invariants that are associated to the 
position of Fix(ip) with respect to the fibration dxi = . . . = dxn = 0. 

1.1. Topological classification. In contrast with the analytic and formal cases 
there is no topological classification of unfoldings of tangent to the identity dif- 
feomorphisms. One of the obstacles is the absence of a complete system of ana- 
lytic invariants for elements of Diff (C,0). More precisely the problem is associ- 
ated with small divisors; it is not known the topological classification of elements 
(p{z) = Xz + 0{z'^) G Diff (C, 0) such that A e §^ is not a root of the unit and is 
not analytically linearizable. 
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Let ip — {x,f{x,y)) G Diffpi(C^, 0). We denote by m{Lp) the vanishing order of 
f — y at the Une x — 0. We study unfoldings ip such that (N, m){(p) ^ (1, 0). The 
remaining case is trivial and hence uninteresting since the only topological invariant 
is the vanishing order of /(O, y) — y at 0. From now on we assume {N, m) ^ (1, 0). 

The situation in absence of small divisors (multi-parabolic case) has been studied 
in [21]. An element (p{x,y) = {x,f{x,y)) of Diffpi(C^,0) is multi-parabolic if 
(i9//9y)|Fix((^) = 1- A complete system of topological invariants is presented in 
[24] for the classification of multi-parabolic diffeomorphisms under the assumption 
that a conjugation a such that ct o 1^9 = o cr is of the form a{x,y) = {x, f{x,y)) 
and satisfies cr|pix(<p) = Id. One of the topological invariants is the analytic class of 
the unperturbed diffeomorphism of the unfolding. Moreover (7ix=o is always a local 
biholomorphism. 

A key point of the classification is a shadowing property for multi-parabolic 
diffeomorphisms. Roughly speaking, given a multi-parabohc (p G Diffpi(C^,0) 
there exists a vector field X = g{x,y)d/dy with Fix{ip) — Sing(Ar) such that 
every orbit of ip can be approximated by an orbit of exp(Ar) (Theorem 7.1 ^24]). 
As a consequence the continuous dynamical system defined by the real flow 9fi(A") 
of X is a good model of the topological behavior of p. In spite of this, generically 
there is no shadowing for unfoldings of tangent to the identity diffeomorphisms. 
Indeed the existence of a shadowing property for a non-multi-parabolic element tp 
of Diff pi (C^, 0) implies that p is embedded in an analytic flow ^7. Our strategy in 
this paper includes, as in the multi-parabolic case, approximating ip G Diffpi(C^, 0) 
with exp(Ar) for some local vector field X = g{x, y)d/dy and then studying the real 
flow of X to try to obtain interesting dynamical phenomena associated to p. Since 
there is no shadowing property for all orbits of p) we have to show that the dynamics 
of 5R(X) that we are trying to replicate for ip takes place in regions in which the 
orbits of exp(A") and ip remain close. 

The main tool in this paper is the study of Long Trajectories and Long Orbits. 
These concepts were introduced in 241. They are analogous to the concept of 
homoclinic trajectories for polynomial vector fields introduced by Douady, Estrada 
and Sentenac [3J . Let us focus on vector fields since the concepts are analogous and 
the presentation is a little simpler. Consider a local vector field X — g{x,y)d/dy 
with g{0) = 0, {dg/dy){0) — and g{0,y) ^ 0, i.e. an unfolding of a non-trivial 
vector field of vanishing order higher than 1. Roughly speaking a Long Trajectory 
is given by the choice of a point ?/+ 0, a curve /3 in the parameter space and a 
continuous function T : /3 — such that 

(0,2/_)=' lim cxp{T{x)X){x,y+) 

exists and limx^p^x^oTix) — 00. In general (0,?/_) does not belong to the tra- 
jectory through (0,?/+). We go from (0,y+) to (0,y_) by following the real flow 
of X an infinite time. We say that {X,y+, /3,T) generates a Long Trajectory of X 
containing (0,y_). Denote p = exp(Ar). The point (0,?/_) is in the limit of the 
orbits of ip passing through points {x,y+) with x € T~^(N) when a; — > 0. We say 
that ((^, /3, T) generates a Long Orbit containing (0,y_). By replacing T with 
T + s for s G R we obtain that exp{sX){0,y-) is in the Long Orbit generated by 
(</?, ?/+,/?, T -t- s). The rest of the points in a neighborhood of (0,y_) in a; = are 
also in Long Orbits of ip through (0, y+). They are obtained by varying the curve 
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/?. In particular the complex flow of the infinitesimal generator of ip\x=Q in the re- 
pelling petal containing (0,?/-) can be retrieved from Long Orbits through (0,?/+). 
In other words such complex flow is in the topological closure of the pseudogroup 
generated by ip. 

The Long Orbits phenomenon reminds Shcherbakov and Nakai's results [37] [IT] 
for non-solvable pseudogroups of holomorphic diffeomorphisms of open neighbor- 
hoods of in C. A pseudogroup is non-solvable if its associated group of local 
diffeomorphisms is non-solvable. More precisely Nakai proves that there exists a 
real semianalytic subset E such that any orbit of the pseudogroup is dense or empty 
in every connected component of the complementary of E (see [T7] for further de- 
tails). Moreover the proof of Scherbakov's theorem (a homeomorphism conjugating 
non-solvable pseudogroups is holomorphic or anti-holomorphic) by Nakai is based 
on finding real flows of holomorphic vector fields that are in the topological closure 
of a non-solvable pseudogroup. 

Long Orbits are interesting in themselves. Long Trajectories and Long Orbits are 
phenomena related to instable behavior in the unfolding. Given (p e Diff *j^(C'^, 0) 
and a curve /3 in the parameter space supporting a Long Orbit then (3 is tangent at 
to a unique semi-line AM"*" for some A G S""^ . Moreover A belongs to a finite set that 
only depends on tp. Generically in the parameter space there are no Long Orbits. 
Notice that the absence of Long Orbits is a necessary condition in the Glutsyuk 
point of view described above. In spite of being scarce Long Orbits somehow vary 
continuously. For instance the function T in the definition can be calculated by 
applying conveniently the residue theorem. Indeed T is (up to a bounded addi- 
tive function) a sum of meromorphic functions that are formal invariants of the 
unfolding. The residue formula allows to describe the evolution of the Long Orbits 
when we replace /3 with nearby curves. On the one hand Long Orbits appear in the 
regions of instability of the unfolding and generically together with small divisors 
phenomena. On the other hand they have a (rich) regular structure. The main 
technical difficulty regarding Long Orbits is proving their existence and properties. 
Once the setup is established the Main Theorem is obtained by a relatively simple 
description of the action of topological conjugations on Long Orbits. 

The analytic classification of elements of Diffpi(C^,0) depends on studying 
transversal structures to the dynamics of the unfolding. The point of view be- 
hind the Main Theorem is closer to Glutsyuk's point of view. Anyway the focus on 
the parameter space is of complementary type. The extension of the Ecalle-Voronin 
invariants a la Glutsyuk is obtained for regions of stability of the unfolding. Never- 
theless the topological dynamics in stability regions is uninteresting. The significant 
topological information is located in the neighborhood of the instability directions. 

1.2. Rigidity of unfoldings. The rigidity result of the Main Theorem extends to 
the general case. 

Definition 1.1. Let (j>,p G Diffi(C,0) \ {Id}. We say that cj) and p have the 
same topological bifurcation type and we denote ^j, p if there exist topologically 
conjugated unfoldings ip, g such that p\x=o = 4>i Q\x=q = P a-nd N{ip) ^ \. If 
the restriction a\x=[) of the topological conjugation tr to the unperturbed line is 
orientation-preserving (resp. orientation-reversing) we denote (j>^^ p (resp. (j>^'i^ p). 

We could naively think that this equivalence relation is the same induced by the 
topological classification. The Main Theorem implies that a topological class of 
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conjugacy contains a continuous moduli of classes of ^b- This is even true if we 
restrict ourselves to diffeomorphisms that are embedded in analytic flows (Lemma 
18. 3|) since residues are not topological invariants. Somehow surprisingly the analytic 
nature of a generic 4> G Diffi(C,0) is encoded in the topological dynamics of any 
of its non-trivial unfoldings. 

This kind of rigidity properties are typical in theory of complex analytic fo- 
liations. We already mentioned the results on non-solvable groups by Scherbakov 
and Nakai. Other instances of the rigidity of the moduli topological/analytic can be 
found in Ilyashenko |B] , Cerveau and Sad ^ , Lins Neto, Sad and Scardua [TH] , Marin 
[14] . Rebelo [20]... Moreover Cerveau and Moussu proved that in the context of 
non-solvable non-exceptional groups, formal conjugacy implies analytic conjugacy 

m- 

A natural question is what happens in the setup of the Main Theorem if ip\x=o 
is analytically trivial. It turns out that the situation is still rigid. 

Theorem 1.2. (General Theorem) Letip,ri e Diffpl(C^O) with {N,m){ip) ^ (1,0) 
such that there exists a homeomorphism a satisfying a o ip = r] o a. Then ct^^^q is 
affine in Fatou coordinates. Moreover a\x^Q is orientation-preserving if and only if 
the action of a on the parameter space is orientation-preserving. 

Topological conjugations are of the form 17(2;, y) = ((To(a;), (Ji(x, y)). We say that 
the action of a in the parameter space is orientation-preserving if ctq is. Analogously 
we define the concept of holomorphic action on the parameter space. 

The definition of affine in Fatou coordinates is provided in Definitions 12.171 and 
12.181 Affine in Fatou coordinates implies real analytic outside the origin. In order 
to compare the Main Theorem and Theorem 1 1.21 let us point out that holomorphic 
conjugations between elements of Diffi(C,0) \ {Id} are translations in Fatou co- 
ordinates. The Main Theorem is a consequence of Theorem 11.21 Indeed we show 
that afhne in Fatou coordinates implies holomorphic or anti-holomorphic in the 
non-analytically trivial case. 

How to strengthen the General Theorem? A first approach is provided by the 
Main Theorem by considering generic classes of analytic conjugacy. Another possi- 
bility is trying to impose conditions on the action of conjugations on the parameter 
space. Finally we notice that for analytically trivial elements of Diff 1 (C, 0) the for- 
mal and analytic conjugacy classes coincide. So it is interesting to study the action 
of CT\x=o on formal invariants. The next propositions establish a relation between 
the topological, formal and analytic classifications. 

Proposition 1.1. Let (p,ri ^ Diffpi(C^,0) with {N,m){ip) 7^ (1,0) such that there 
exists a homeomorphism a satisfying a o if = rj o a . Suppose that the action of a 
on the parameter space is holomorphic (resp. anti-holomorphic). Then <J\.j.^q is 
holomorphic (resp. anti-holomorphic). 

Let 0(y) = y + cy"^^ + h.o.t. e Diff i(C, 0) with 1/ e N and c e C*. The number 
V determines the class of topological conjugacy of The diffeomorphism is 
formally conjugated to a unique diffeomorphism y -I- y''^^ -I- [(y -I- l)/2 — X)y'^^^^ 
for some A € C. The pair {y. A) provides a complete system of formal invariants. 
We define i?es0(O) = A and i?es^(0,0) = i?es^|^^,(0) for ip e Diff;i(C2, 0). 

Proposition 1.2. Let ip,ri G Diff *]^(C'^, 0) with N > 1 such that there exists a 
homeomorphism a satisfying a o ip — rj o a . Suppose that either •p\x={) or t^i^j^o 
analytically trivial. Suppose that either i?es^(0, 0) ^ iM or Resri{0,0) ^ iM. Then 
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• If O'lx^o is orientation-preserving then a\x=o is holomorphic if and only if 
i?es^(0,0) = Resr,{0,0). 

• If '^\x=o is orientation-reversing then (jyj.^Q is anti-holomorphic if and only 
if Res^{0, 0) = Resr,{0,0). 

On the one hand it is possible to construct examples of difFeomorphisms (f, rj 
satisfying the hypotheses of the previous proposition such that ip\x=o ^-nd '>l\x=o 
neither holomorphically nor anti-holomorphically conjugated (Section llOp. On the 
other hand if they are holomorphically conjugated (in the orientation-preserving 
case) then (J^^^q is also holomorphic. In other words given f e Diff*j(C^,0) as 
in Proposition 11.21 the analytic class of ri\x=o is not determined for ry in the class 
of topological conjugacy of (p but the conjugation a\x=o is determined up to com- 
position with a holomorphic diffeomorphism (see Proposition 18. 4|) . The condition 
Res^{0,0) ^ zK on formal invariants implies flexibility in the analytic classes of 
ri\x=o but once they are fixed there is rigidity of the conjugating mappings. 

Next we consider the case of purely imaginary formal invariants. 

Proposition 1.3. Let f,ri E Diff*]^(C^,0) with N > 1 such that there exists a 
homeomorphism a satisfying a o ip = rj o a . Suppose that either •p\x=t) or ri\x=t) is 
analytically trivial. Suppose that either Res^{Q,Q) G or i?es,,(0, 0) G iM. Then 
Lp\x=Q and ri\x=o oltc analytically conjugated (resp. anti- analytically conjugated) if 
a is orientation-preserving (resp. orientation-reversing) on the parameter space. 

The roles of analytic classes and conjugacies are reversed with respect to Propo- 
sition [L2l Indeed there are at most 2 classes of analytic conjugacy of ri\x=Q in the 
set composed of the diffeomorphisms r/ G Diff *]^(C^, 0) in the topological class of 
ip. In spite of the rigidity of analytic classes, conjugations are not rigid. Even if 
p>\x=o and rj\x=o are analytically conjugated the mapping a\x=o is not necessarily 
holomorphic. Examples of this behavior are presented in Section [TOl 

The following result is an immediate consequence of Proposition 11.31 the Main 
and the General Theorems. 

Corollary 1.1. Let 4>, p e Diffi(C,0) \ {Ld} with Res^ifi) G zM. Then 4) and p 
have the same topological bifurcation type if and only if 4> and p are holomorphically 
or anti-holomorphically conjugated. Moreover <j) p (resp. cf) p) if o.nd only 
if (j) and p are holomorphically (resp. anti-holomorphically) conjugated. 

1.3. Generalizations and consequences. The results have a straightforward 
generalization to unfoldings of resonant diffeomorphisms. A diffeomorphism (j) G 
Diff (C,0) is resonant if (f>'{0) is a root of the unit of order q G N. An unfolding 
p{x, y) — [x, f{x, yj) of (j) satisfies that the iterate p'^ belongs to Diff pi (C^, 0). 

Consider unfoldings (p,g of resonant diffeomorphisms <j>,p E Diff(C,0) and a 
local homeomorphism a such that a o p ~ g o a. We have (p'ifS) = /o'(0) if 
a\x=o is orientation-preserving and (/)'(0) — p'(0) if a\x=o is orientation-reversing 
by Naishul's theorem [16]. Since a conjugates iterates of p and g then all theo- 
rems in the introduction have obvious generalizations. Moreover all results (except 
Proposition 11.31 and Corollary 11.11) describe properties of a so the generalizations 
are trivial consequences. 

The generalizations of Proposition 11.31 and Corollary 11.11 are also simple. We 
apply our results to the iterates. Then it suffices to prove that given resonant 
0,/9 G Diff (C,0) such that cj)' {Q) = p'(0), 0« G DiflFi(C,0) and 0« is analytically 
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conjugated to p'^ then (j) and p are analytically conjugated. This is a trivial conse- 
quence of the description of the formal centralizer of 0' (see Corollary 6.17, p. 88 

i)- 

A very simple consequence of our results is that a homeomorphism conjugating 
two generic unfolding of saddle-nodes is either transversaly conformal or transver- 
saly anti-conformal by restriction to the unperturbed parameter. 

1.4. Outline of the paper. The properties of Long Trajectories and Long Orbits 
are studied by dividing a neighborhood of the origin in two kind of sets: exterior 
sets in which the unfolding behaves as a trivial one {N = 1) and compact- like sets 
in which the dynamics of the unfolding is described in terms of the dynamics of a 
polynomial vector field. This decomposition is called dynamical splitting and it is 
explained in Section |31 

The existence of Long Trajectories and Long Orbits in the multi-parabolic case 
was proved in |24j . We introduce a simpler proof that is valid in a more general 
setting. The idea is taking profit of the polynomial vector fields that are canonically 
associated to the unfolding. The dynamics of the real flow of polynomial vector 
fields is treated in Section S) At this point it is good to point out that we need 
to compare the dynamics of elements of Diffpi(C^,0) with exponentials of vector 
fields. In Section [5] we develop the tools required for such a task in the exterior 
sets of the dynamical splitting. We complete the proof of the existence of Long 
Trajectories in Section [6] 

It is easy to see that the existence of Long trajectories implies the existence of 
Long Orbits for elements of Diff *i(C^, 0) with N >l (Proposition FTS]). Indeed the 
Long Orbits are constructed in the neighborhood of Long Trajectories of the real 
flow of a holomorphic vector fleld X = g{x, y)d/dy such that exp(X) approximates 
ip. A topological homeomorphism a conjugating ip,ri G Difl' * (C^ , 0) with > 1 
does not conjugate the real flows of X and Y if exp(y) approximates 77. Then it 
is not clear a priori that the image by tr of a Long Orbit is in the neighborhood 
of a Long Trajectory of the real flow of Y . This shadowing property is important 
since it is the base for the residue formula that provides the quantitative estimates 
of Long Orbits. The tracking (or shadowing) property is proved in Section [7] by 
showing that trajectories of the real flow of Y in the neighborhood of Long Orbits 
of 77 satisfy a Rolle property. 

The rigidity results in the introduction are proved in Section |9] for unfoldings of 
the identity map and in Section [8] for the remaining cases. Examples showing that 
the hypotheses in the results are optimal are presented in Section [TOl 

2. Notations 

We denote by Diff (C",0) the group of local complex analytic diffeomorphisms 
defined in a neighborhood of in C". We denote by Diff i(C, 0) the group of local 
complex analytic one-dimensional diffeomorphisms whose linear part is the identity. 

Definition 2.1. We define Diffpi(C"+^, 0) as the set of n-parameter unfoldings 
of local complex analytic tangent to the identity diffeomorphisms. In other words 
ip e Diffpi(C"+\ 0) is of the form ip{xi,. . . ,x„, y) = (xi, . . . ,x„, /(xi, . . . , x„,y)) 
where / € C{xi, . . . , a;„, y} and the unperturbed diffeomorphism /(O, . . . , 0, y) 
is tangent to the identity, i.e. /(O) = and {df /dy){0, . . . ,0) = 1. We de- 
note by Diff;i(C"+\0) the subset of elements ip e Diffpi(C"+i, 0) such that 
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ip\^^=...=x„=o Id. Indeed Diff pi (C"+i, 0) \ Diff;i (C"+i, 0) is the set of unfoldings 
of the identity map. 

We relate the topological properties of unfoldings of tangent to the identity 
diffeomorphisms and unfoldings of vector fields with a multiple singular point. 

Definition 2.2. We denote by A'pi(C^,0) the set of local complex analytic vector 
fields of the form X = g{x,y)d/dy where g G C{x,y} satisfies 5(0,0) = and 
{dg/dy){0, 0) = 0. In other words X is an unfolding of the vector field g{0, y)d/dy 
that has a multiple zero at the origin. We denote X*i{<C'^ ,Q) = {X G A'pi(C^,0) : 
^|.=o ^ 0}. 

Definition 2.3. We denote by A'ipi(C^, 0) the subset of A'pi(C'^, 0) of local complex 
analytic vector fields X such that any irreducible component of Sing(X) different 
than a; = is of the form y = ^{x) for some 7 € C{a;}. In other words the irreducible 
components of Sing(X) are transversal to the fibration dx = 0. Let us remark that 
given g{x,y)d/dy € A'pi(C^,0) there exists fc g N such that g{x^,y)d/dy belongs 
to A'tpi(C2,0). We denote Xt*pi{C^,0) = XtpiiC^ ,0) n X*^{C^ ,0). 

Given a vector field X defined in a domain [/ C C" we denote by 5R(X) the real 
flow of X, namely the flow defined in R^" — C" by considering real times. For 
instance if X is of the form a{x, y)d/dx + h{x, y)d/dy we have 

f) f) f) 

^(X) = Re{a)— + Im{a)— + Re{b)— + Im{b) — 
ax I dx2 ay I dy2 

where x ~ xi + 1x2 and y = yi + iy2- 

Definition 2.4. Let 7p(s) be the trajectory of ^{Z) such that 7p(0) = P. We 
define T{Z, P, F) the maximal interval where 7p(s) is well-defined and belongs to 

o 

F for any s G I{Z, P, F) whereas 7p(s) belongs to the interior F of F for any s ^ 
in the interior of I{Z, P, F). We denote T{Z, P, F) = jp{i:{Z, P, F)). We define 

dI{Z,P,F) = {M{I{Z, P, F)),STxp{I{Z, P, F))} cKU {-00,00}. 

We denote r{Z, P, F){s) = jp{s). 

Definition 2.5. Let (p £ DifFi(C,0) (resp. DifFpi(C^, 0)). Consider a vector field 
X = gd I dy ior g <£ 'C{y} (resp. C{a;, y}) such that yoip — yo exp(X) e {yoip — y)^. 
We say that X and S'y = exp(X) are convergent normal forms of ip. There exist 
convergent normal forms (Proposition 1.1 of f21j). 

The idea is that the dynamics of exp(X) is much simpler than the dynamics of 
If. In particular the orbits of exp(X) are contained in the trajectories of 5R(X). 
Generically the orbits of exp(X) and (p are very different. In spite of this 3?(X) 
provides valuable information of the dynamics of (p (Section [7]). 

Definition 2.6. Let tp £ Diff (C, 0) U Diffpi(C^, 0). Fix a convergent normal form 
X of ip and — exp{X). We define 

= ipx o (p - '^x ° ^ ipx ° ip - ii^x + 1)- 

Indeed we have 

/ (y ^ — y)^ 

^ ipx o 'p> - '(px o ^ -^{y o 'P> - y ° cxp(X)) = O 



The function A,^ belongs to the ideal [yop — y)"^ = {X{y))'^ of C{x,y} (see Lemma 
7.2.1 of [24]). 
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The function measures how good is the approximation of ip provided by 
exp(X). 

Defimtion 2.7. Let X e A'pi(C^,0). We define N{X) as the number of points in 
Sing(X) n {x = xo} for xq 7^ 0. Analogously we define N{ip) for ip g Diffpi(C^, 0) 
by replacing Sing(A') with Fix{(p). We have N{(p) = N{X) if X is a convergent 
normal form of ip. 

Definition 2.8. Let X e Xpi{C'^,0). We define m{X) e NU{0} as the multiplicity 
of X = in Sing(X). More precisely X is of the form x^^^'^^'Xo for some holomorphic 
vector field such that {x = 0} ^ Sing(X). We define m{(p) as the multiplicity of 
X = in Fix{(p). 

Definition 2.9. Let X — g{y)d/dy with g e C{?/}. We define v{X) — a — 1 where 
a is the vanishing order of of g{y) at 0. 

Definition 2.10. Let tp{y) G Diff (C,0). We define v{p) = a — 1 where a is the 
vanishing order of of p{y) — y at 0. 

Definition 2.11. Let X = x"<^) g{x,y)d / dy e Xpi{C^,0). We define viX) as 
iy{g{0,y)d/dy). Let ip = (x, y + x™(^)/(x, y)) G Diffpi(C2, 0). We define vitp) as 
a—1 where a is the vanishing order of /(O, y) at 0. 

Definition 2.12. Let X = g{y)d/dy with AT =^ and v{X) > 0. We say that V is 
an attracting petal of 5R(A)|B(o.e) if it is a connected component of 

{y e 5(0, e) : [0, c») C I{y, X, B(0, e)) and lim r(y, A, 5(0, e)){s) = 0} 

s— f 00 

where 5(0, e) is the open ball of center at the origin and radius e. Analogously a 
repelling petal of ^{X)^B{o,e) is an attracting petal of ^{—X)^B{o,f.)- We consider 
the petals {'Pj}j(=z/{2}y{x)z) ordered in counter clock wise sense (see [TT]). 

A vector field X = {a^+iy'^^^ + h.o.t.)d/dy, a^+i 7^ 0, has very similar petals 
as a^+iy'^+'^d/dy. Consider a half line e'''"M+ with a^+ie'^"'' e M*. The set of 
half lines in {a^+iy'^ G M} is {e'^^IR"'"}jg2/(2iyZ) where 6j = 60 + irj/v. Given 
j S 'L/{2u'L) there exists a petal that is bisected by e'^^M^. More precisely 
given 77 > the sector (0, 5)eii^,-^ /''+v,e,+-n /i,-r)) contained in Vj for 5 > small 
enough. Moreover Vj is attracting if and only if a^+ie^^^'^ G Mr . Two petals have 
non-empty intersection if and only if they are consecutive. These properties can be 
easily proved by using the change of coordinates z — —l/{va^y'^). The vector field 
X is of the form (f + o{l))dl dz where z is defined in a neighborhood of 00. 

Definition 2.13. Let A be a holomorphic vector field defined in an open set U of 
C". We say that a holomorphic 7/; : J7 — ?> C is a Fatou coordinate of A if A('0) = f 
in U. 

Definition 2.14. Let e Diff 1 (C, 0) with 7^ Id. We say that V' is an attracting 
petal of (/'|B(o,e) if it is a connected component of 

{y e 5(0, e) : 0J (y) G 5(0, e) Vj G N and lim cj)^ {y) = 0}. 

Analogously a repelling petal of 4'\B{o,e) is an attracting petal of (t'^B{o e)- We consider 
the petals ordered in counter clock wise sense (see [IT] '). 
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The petals oi y + di^+ilf^^ + h.o.t., a^+i ^ 0, satisfy the properties described 
below Definition 12 . 1 2 1 for the petals of au+iy'^^^d/dy. 

Definition 2.15. Let e Diffi(C,0) with ^ Id. Consider a petal V of 0. 
Consider a convergent normal form X of <^ and a Fatou coordinate t/j of in V' . 
We say that ■0^' is a Fatou coordinate of (j) in if V'-p' o </5 = V'-p' + 1 there 
exists c € C such that 

(V'p' - (■0 + c))(?;) = o(max|0^(?;)|) or (t/-^, - (V^ + c))(2/) = o(max (y)|) 

depending on wether V' is attracting or repelling. The definition depends only on 
(/) and V' . The Fatou coordinate is unique up to an additive constant. Indeed 

oo oo 

J=0 j = l 

is a Fatou coordinate of ^ in V' (see Definition 12. 6|) depending on wether V' is 
attracting or repelling (see [TT]). 

Definition 2.16. Let e DifFi(C,0). Consider a petal T'' of 0. There exists a 
unique vector field X!p, defined in V' such that X!p, is the \/v{(j)) Gevrey sum of 
the infinitesimal generator of (p in V' and (p = exp(Xp,) ^4j. Equivalently X^, is 
the unique holomorphic vector field defined in V' such that X!p,{ip!^,) = 1 for some 
(and then every) Fatou coordinate tp!p, of (/) in V'. If V is a petal of (p\x=o for 
e Diffpi(C2, 0) we denote X!^, = Xp^=°. 

Definition 2.17. Let (^,77 e Diff*]^(C^,0) with iV > 1 and a homeomorphism a 
conjugating tp and a. We say that cr|a;=o is ^.ffins *^ Fatou coordinates if there exists 
a R-linear isomorphism f) : C — >■ C such that 

f)(z) = (V'^cp.) o o exp(zX.^,) - '(/'^(p,) o cr)(0, y) 

for any petal V' of 'y3|2;=o- The previous property implies that ■(/'^(p') ° ''^ ° ("^pO"^ 
is affine for any choice V'p'i ''/'^(p') Fatou coordinates. 

Definition 2.18. Let f,riG Diffpi(C^,0) with m{(p) > such that there exists a 
homeomorphism a satisfying a o ip = rj o a. Consider normal forms X = x"^^^^Xo 
and Y = x"^'--^'^Yq for ip and rj respectively. Let ■00 ' V'o Fatou coordinates of 
{Xo)\x=o and (yo)|y=o respectively. We say that cr^^^o is ajfine in Fatou coordinates 
if o (T o (0j^)~^ is an affine isomorphism. 

Remark 2.1. The vector fields (^o)|x=o a-nd (yo)|iy=o s-^s well-defined up to mul- 
tiplication by a non-zero complex number. They do not depend on the choices of 
convergent normal forms. Hence the previous property is well-defined. 

Definition 2.19. We consider coordinates {x,y) £ C x C or (r, A, y) G M>o x §^ x C 
in C^. Given a set F C we denote by F{xo) the set Fr\{x — xq} and by F{rQ, Aq) 
the set F n {(r, A) = (ro, Aq)}. 

Definition 2.20. We define C/c = C x B{0,e). In practice we always work with 
domains of the form B{0, S) x B{0, e) for some small S E M+. 
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3. Dynamical splitting 

We define a dynamical splitting F x associated to an element X of Xtpii'C'^ ,0) 
such that N{X) > 1. Most of the concepts were introduced in [32]. The idea 
is dividing a neighborhood of the origin Tq = {{x,y) G B{0,5) x B{0,e)}, where 
B{0, e) is the open ball of center at the origin and radius e, in sets in which the 
dynamics of 5R(X) is simpler to describe. The sets of the division are obtained 
through a process of desingularization of Sing(X). 

We say that Tq = {{x,y) & B{0,S) x 5(0, e)} is a seed. Let us explain the 
terminology. The set To = 7^*^ is the starting point of the division. Throughout 
the process we obtain sets of the form Tp = {{x,t) £ -6(0,(5) x B{0,r])} for some 
new coordinate t. Since these sets share analogous properties as % we can define 
a recursive process of division. The sets of the form 7/3 are called seeds and the 
coordinate t is canonically associated to 7^ along the process. 

We provide a recursive method to divide 7o- At each step we have a vector 
P = (0,/3i,...,^fe) e {OjxC'^ withfc > OandaseedT^ = {{x,t) G B{0,6)xB{0,ri)} 
in coordinates (x, t) canonically associated to 7/3. We say that the coordinates {x, t) 
are adapted to Tp and S/s (it is defined below). In the first step we have k = 0, 
P — and t — y. Suppose also that 

(1) X = x<^f'^vix,t){t--/i{x)y' ...{t--fp{x)y^d/dt 

in Ti3 where 71(0) = ... = 7^(0) = and {-y = 0} n 7;a = 0. 

For p = 1 we define the terminal exterior basic set £p = Tp, we do not split the 
terminal seed Tg. The singular set of X in 7^ is already desingularized. Suppose 
p > 1. We define t — xw and Sjs — {{d'yi/dx){0), . . . , {djp/dx){0)}. Consider the 
blow-up of the point (x, t) — (0, 0); the set Sp can be interpreted as the intersection 
of the strict transform of 0^=1 ~ — the divisor. We define the 

exterior basic set £p —Tj3 Ci {\t\ > \x\p} and Mp = {{x,w) € -8(0,(5) x B{0,p)} for 
some p » 0. The set Mp contains 0^=1 ~ Iji^))''' — 0- One of the ideas of the 
construction is that since £p is far away of the singular points then the dynamics 
of the vector fields 5R(X)|£^ and ^{x<^f<^v{x,t){t - ji{x)y^+- +''-d/dt)\£^ are very 
similar. We denote 

deSp = {{x,t) G B{0,S) X 5-8(0, 77)} and iy{£p) = si + . . . + Sp - 1. 

We define 

diSp = {{x,t) e 5(0,(5) X BiO^ ■■ \t\ = \x\p} 
if £p is not terminal. We say that the sets de£p and djSp are the exterior and 
interior boundaries of £p respectively and e{£p) is the exterior exponent of £p. 

Definition 3.1. We say that an exterior set £p is parabolic if v{£p) > 0. Every 
non-parabolic exterior set is terminal but a terminal exterior set can be parabolic. 

Definition 3.2. Given an exterior set £p we define Xs^ as the vector field defined 
in Tp such that X = x'^^^'^^Xf^ . 

We have 

X = x''^^^^+'^+-+''--^v{x, xw){w - -fi{x)/xY' . . . (w - jp{x)/xY''d/dw. 

Definition 3.3. We define i^{Cp) — v{£p) and e{Cp) — e{£p) + y{£p)- We define 
Xcp as the vector field defined in Mp such that X = x'^'^'^^'-'Xc^ . 



12 



JAVIER RIBON 



Definition 3.4. We define the polynomial vector field 

Xp{\) = X'^^'^P^viO, 0)iw ~ {dji/dx)iO)Y' ...{w~ {djp/dx)iO)Y''d/dw 
for A G (see Eq. ([1]), note that t ~ xw) associated to X, Tg and Cp. 

The dynamics of 9fi(X)|jv,/^ and ^{Xp{X))\]^j^ are similar (up to reparametrization 
of the trajectories) outside of a neighborhood of the singular set. If Xj3{X) has a 
multiple zero at C & we just choose = w — C. Suppose now that ^^(A) has a 
simple zero at ^ G '5',9- Assume that (971 /9a;) (0) — C- As a consequence there exist 
coordinates (r, A, wq) defined in the neighborhood of {(r, A, w) e {0}xS^x {C}} such 
that A'^^'''^-' is of the form X'^''^^^h{rX)w(^d / dwQ for some function h (see JJj). 
Indeed is a linearizing coordinate. Hence \wq\ = 77' for 77' > small is transversal 
to 3?(X) if (x,w) — (xq,^i{xq) I xq) is an attractor or a repeller. Moreover |?«^| = 77' 
is invariant by ^{X) if {x,w) = {xq,^i{xq) / xq) is an indifferent singular point. 

We define the compact-like basic set 

Cp = {{x,w) e B{{),5) X S(0,p)}\(Uc6s,{(x,«ic) ^ ^(O,'^) x 5(0,7,^,^)1) 
where •qi3_Q > is small enough for any £ Sp. We denote 

deCp = {ix,w) e BiO,d)xdB{0,p)}, diCp = Uce5,{(a;,7i;c) G B{0,5)xdB{0,r^p,^)}. 

We say that e(C/3) (see Definition 13. 3p is the exponent of Cp. Notice that the vector 
field Xj3{X) determines the dynamics of 5R(X) in Cp since X/\x\'^'-'^^^ Ar^(Ao) in 
C/3 if a; — )• and a;/|a;| — Aq. 

Fix C e Sp. We define the seed Tpx = {{x, t') G 5(0, (5) x 'B{^~q^} where i' is 
the coordinate wt^. By definition (x, t') is the set of adapted coordinates associated 
to Tpx- We denote e{£px) = e{Cp). We have 

x..^(^-)Mx,t') n (''-('-^-^)yi' x^x<^^<^hix)t'^ 

depending on wether or not Xp{X) has a multiple zero at ^. 

Resuming, in each step of the process we either decide not to split Tp or we 
divide it in sets 8p, Cp, {Ta^cl^eS^j where Sp is a finite subset of C. The seeds Tpx 
for (/3, C) G {0} X C''"''^ with ( G Sp are divided in ulterior steps of the process. The 
sets 7/3, £p and Cp are defined by induction on k. The sets £p are called exterior 
basic sets whereas the sets Cp are called compact-like basic sets (see Example lS.ip . 

Definition 3.5. A dynamical splitting Fx associated to AT e ^"4^1(0^,0) is a 
division of a neighborhood of the origin Tq — B{0,S) x 5(0, e) in exterior and 
compact-like basic sets. The choice of dynamical splitting is not unique. 

Example?).!. Consider X = y{y—x^)(jj—x)d/dy. Denote = y/x. The vector field 
X has the form x'^w{w—x){w—l)d/dw in coordinates {x, w). The polynomial vector 
field Ao(A) associated to the seed To — 5(0, (5) x 5(0, e) is equal to X'^w'^{w~l)d/d'w. 

The exterior and compact- like sets associated to To are £q =To^{\y\ > Po\x\} 
and Co = {\y\ < po\x\} \ {{\w\ < 7700} U {|it;i| < 7701}) respectively. The set Cq 
encloses the seeds Too = ilM < 7700} and £"01 = Toi = {|wi| < Voi}- The seed Toi 
is terminal since it only contains one irreducible component of Sing A. 

Denote w' = w/x. We have A = x^w'{w' — l)(a;u>' — l)d/dw' in coordinates 
{x,w'). Thus -~X^w'{w' — l)d/dw' is the polynomial vector field Aoo(A) associated 
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Figure 1. Splitting for X = y{y — x'^){y — x)d/dy in a line x = xi^ 

to Too- The seed Too contains an exterior set £00 = Toon{|w| > pool^^l} for poo >> li 
a compact-like set Coo = {\w'\ < poo} \ {{\w'o\ < moo} U {\w[\ < 77001}) and two 
terminal seeds £000 = %qo = {I^qI < ryooo} and £001 = TBoi = {\w'i\ < Vooi} for 
some < 77000, 7/001 << 1- We have e{£o) = 0, e(Co) = e(£oo) = e(£oi) = 2 and 
e(Coo) = e(£ooo) = e(fooi) = 3. 

Remark 3.1. This construction reminds the Fulton-MacPherson compactification of 
the configuration space of n distinct labeled points in a nonsingular algebraic variety 
X [5]. Indeed the analogue of the seeds are the Fulton-MacPherson's screens. 

4. Dynamics of polynomial vector fields 

Given a vector field X £ A'tpi(C^,0) we divide a neighborhood of the origin in 
exterior and compact-like basic sets. The dynamics of ^{X)^.^;^^.^ in an exterior 
set is simple, namely an attractor, a repeller or a Fatou flower (see Section [5]). 
The dynamics of di{X) in compact-like sets determines the dynamics of di{X) in a 
neighborhood of the origin. It turns out that the behavior of di{X)\c for a compact- 
like basic set C can be described in terms of the polynomial vector fleld Xc(X) 
associated to C (see Definition 13. 4p . In this section we study polynomial vector 
fields and their stability properties. 

Polynomial vector fields have been studied by Douady, Estrada and Sentenac [3] . 
We include here the main properties and their proofs for the sake of completeness. 

Definition 4.1. Let Y = P{w)d / dw £ C[w]d/d'w be a polynomial vector field. We 
define i'{Y) = deg(P) — 1. We consider polynomial vector fields of degree greater 
than 1. 

Definition 4.2. We define the set Tr^ooiY) of trajectories 7 : (c, d) ^ C of ^(Y) 
such that c G M U {—00}, G M and lim^^-^.^ 7(C) = 00. In an analogous way we 
define Tr^oo{Y) - Tr^oo{-Y). Wc define Tr^{Y) = Tr^^{Y) U Tr^^{Y). 

Remark 4.1. Let Y = P{w)d/dw G C[w]d/dw with iy{Y) > 1. The vector field Y 
is analytically conjugated to iy{Y)^^ z^~'^'^^^ d/ dz in the neighborhood of 00 by a 
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change of coordinates of the form w = c/z + 0(1) for some c G C (see p. 348). 
We have Tr^^{d/dz) = R+ and Tr^^{d/dz) = M". Since v{Y)-^z^~'''~^^d/dz 
is equal to {z"'-^'^)* {d / dz) each of the sets Tr^^{Y), Tr^r^{Y) contains v{Y) 
trajectories of 3?(F) in a neighborhood of oo. 

Definition 4.3. The complementary of the set TrooiY)\j{co} has 2j/(F) connected 
components in the neighborhood of it; = oo. Each of these components is called 
an angle, the boundary of an angle contains exactly one — >■ oo-trajectory and one 
cx)-trajectory. 

Definition 4.4. We say that 5R(y) has oo-connections or homoclinic trajectories 
if Tr^aoiy) Tr^^ooiY) ^ 0, i.e. there exists a trajectory 7 : (c_i,ci) — C of 
5R(y) such that c_i, ci e R and lim^-j.^, 7(C) = 00 for any s € {—1, 1}. The notion 
of homoclinic trajectory has been introduced in [J for the study of deformations of 
elements of DifFi(C, 0). 

Definition 4.5. We define the a and w-limits [P] and lS^ [P) respectively of a 
point P e C by the vector field 5R(y). If P S Tr^^{Y) we denote w'^(P) = {00} 
whereas if P S rr^oo(^) we denote a^(P) = {00}. 

Lemma 4.1. Let Y — P{w)d / dw he a polynomial vector field such that v{Y) > 1. 
Then uj^ (wq) = {00} is equivalent to wq E Tr^oo{y) ■ Analogously (wq) = {00} 
is equivalent to wq G Tr^^ooiY) 

Proof. The vector field F is a ramification of a regular vector field in a neighborhood 
of Qo. Thus there exists an open neighborhood V oi 00 and c G such that 

exp(cy)(F\Tr^oo(i^)) n F = and exp{-cY){V \Tr^^{Y)) nV ^ 

We are done since wq ^ Tr^oo{Y) implies w'^(wo) n (pi(C) \ V") ^ 0. □ 

Lemma 4.2. Let Y = P{w)d / dw he a polynomial vector field such that v{Y) > 1. 
Let wi £ C be a point such that wi G uj"^ (wq) for some wq G C. Then either 
U!^ (wi) — {00} or wi G Sing(F) and 00^ (wq) = {wi} or wi helongs to a closed 
trajectory of ^{Y). Moreover, in the latter case Wq and Wi belong to the same 
trajectory of ^{Y) . 

Proof. If uj^ (wi) contains a singular point w then uj^ (wo) — {w} and wi — w since 
basins of attractions of attractors and parabolic points are open sets. 

Suppose that uj^ {wi) ^ {00} and cl;^(wi) n Sing(y) = 0. Then cj^(wi) contains 
a regular point W2 of Y by Lemma 14.11 Consider a transversal T to di{Y) pass- 
ing through W2. Trajectories through points in a or w-limits intersect connected 
transversals at most once (Proposition 2, p. 246 [7]). Thus W2 is in the same tra- 
jectory 7 of 5R(y) as wi and 7 is a closed trajectory. The neighborhood of a closed 
trajectory of 3?(y) is composed by closed trajectories of the same period by the 
isolated zeros principle. We deduce that wq and wi both belong to 7. □ 

Corollary 4.1. Let Y ~ P{w)d/dw be a polynomial vector field with I'iY) > 1. 
Assume that 00 ^ uj^{wo). Then either ui^ [wq) is a singleton contained in Sing(F) 
or Wq belongs to a closed trajectory. 

Proof. Either uj^ {wq) is a singleton or there exists wi G uj^{wo) H (C \ Sing(y)). 
We have 00 ^ uj'^ (wi), otherwise we obtain 00 G uj^{wo). Lemma 14.21 implies that 
either wi is singular and uj"^ {wq) = {wi} or wq belongs to a closed trajectory. □ 
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The previous corollary has an analogous version for elements of Xpi{C'^, 0). 

Definition 4.6. Let X e XpiiC^, 0). We define (P) as the a-limit of r(X, P, %) 
for any P E B{0, S) x B{0, e) such that I{X, P, To) contains (— oo, 0). Otherwise we 
define (P) = {oo}. We define uj^ (P) in an analogous way. 

Proposition 4.1. Let X e Xpi(C^,0). Consider a point P € B{0,5) x B(0,e) 
such that uj-^ (P) ^ {oo}- Then either lo-^ [P] is a singleton contained in Sing(X) 
or the trajectory of ^(X) through P is closed. 

The proof is analogous to the proof of Corollary 14.11 The analogue for P of the 
condition oo ^ uj^ (wq) is u}^{P) ^ {oo}. 

Our next goal is showing that the dynamics of the real flow of a polynomial vector 
field of degree greater than 1 is simple if there are no homoclinic trajectories. 

Lemma 4.3. Let Y — P{w)d / dw he a polynomial vector field such that v{Y) > 1. 
Suppose that ^{Y) has no homoclinic trajectories. Then either u!^ (wq) = {oo} 
or uj^ (wq) is a singleton contained in Sing(y). In particular ^(Y) does not have 
periodic trajectories. 

Proof. We claim that (wq) can not contain a point wi E C \ Sing(y) such 
that uj^ (wi) = {oo}. Otherwise there exists an angle A containing points of 
r(Y, Wo, C)[0, oo) in every neighborhood of oo. The angle A is limited by a tra- 
jectory in Tr-^oo{Y) and a trajectory 7 in Tr.i-oo{Y). Moreover 7 is contained in 
uj^{wo). It satisfies 7 n Tr^oo{Y) — since there are no homoclinic trajectories. 
We obtain a contradiction since Lemma |4?2] implies that 7 is a closed orbit. 

We obtain that wq e Tr^oo{Y) or uj^ (wq) C Sing(F) or wq belongs to a closed 
orbit of 3fi(F) for any wo G C by Lemma [4.21 

Let us prove that if ^(Y) has a closed trajectory 7 : [0,a] ^ C (7(0) — 7(a)) 
we obtain a contradiction. Let D be the union of all the closed trajectories of 
3i{Y). We denote by Dq the connected component of D containing 7[0,a]. Since 
Tr^oiY) n D = we can choose wq G ODq \ Sing(y). If uj^ (wq) C Sing(y) or 
Wq belongs to a closed trajectory then the analogous property also holds true for 
the points in the neighborhood of wq and wq ^ dD^. We deduce that belongs 
to Tr_j.oo(^). Analogously wq is contained in Tr^ooiY). Thus wq belongs to a 
homoclinic trajectory. □ 

The next result is of technical type, it will be used in the proof of Lemma 14.51 

Lemma 4.4. Let Y ~ P{w)d / dw he a polynomial vector field such that v{Y) > 1. 
Suppose that ^(Y) has no homoclinic trajectories. Let Wo € C \ Sing(y) be a point 
such that u!^ (wq) — {wi} for some Wi £ Sing(y). Then there exists a trajectory 7 
in Tr^^{Y) such that ^^(7) — {wi}. 

Proof Let D = {w e C \ Sing(r) : lu^ {w) = {wi}}. We denote by Dq the 
connected component of D containing wq. Since Tr^aoiY) C\ D = ^ we can choose 
w S ODq \ Sing(y). Lemma [4.31 implies that w e Tr^ao{Y) by the openness of 
basins of attraction of singular points. Thus we have 00 E Dq. The set Dq contains 
an angle A. The angle A is limited by a trajectory in Tr^oci{Y) and a trajectory 
7 in Tr^oo{Y). Lemma 14.31 implies ^^^^(7) = {wi}. □ 

Next we study the notion of stability of polynomial vector fields as introduced 
in [3]. It is crucial in the paper since the rigidity results for conjugacies between 
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elemens of Diff * (C^ , 0) are obtained by analyzing the directions of instability in 
the parameter space for unfoldings in X*i{C'^,0) and Diff *]^(C^, 0). 

Definition 4.7. We denote by Xstabie{'C,0) the set of polynomial vector fields 
such that > f and di{Y) is orbitally equivalent to di{iiY) for any /i G in a 
neighborhood of 1. 

Definition 4.8. Let X be a holomorphic vector field defined in a connected domain 
[/ C C such that X ^ 0. Consider P e Sing(X). There exists a unique meromor- 
phic differential form w in U such that uj(X) = 1. We denote by Res{X,P) the 
residue of u at the point P. 

Definition 4.9. Given (f) g Diff i(C, 0)\{/(i} we consider a convergent normal form 
X = g{y)d/dy. We define i?es^(0) = i?es(X, 0). The definition does not depend 
on the choice oi X. Let ip E Diff *i(C^, 0); we define Res^{0,0) = Res^^^^^{0). 

Definition 4.10. Let X = f{x,y)d/dy G Xpi{C^,0). Given (a;o,yo) & Sing(X) 
such that {x — xq} <f_ Sing(X) we define Res{X, (a;o,?/o)) = Res{f{xo,y)d/dy,yo)- 

We introduce the main result in this section. 

Proposition 4.2. (See |3j^ Let Y = P{w)d / dw he a polynomial vector field such 
that viY) > 1. Then Y belongs to Xstabie('C,0) if and only if^(Y) has no homo- 
clinic trajectories. 

Proof. Let 51 be the meromorphic 1-form such that fl{Y) ~ 1. Let 7 : (c_i, ci) C 
be a homoclinic trajectory of (see Definition 14. 4p . We obtain 

M+ 9 ci - c_i = / - = -27ri V Re3{Y, w) 

where E is the set of singular points of Y enclosed by 7. The set of directions 
/i e §^ such that 2711 X^cjgb R^s{Y, w) E R* fi for some subset E of Sing(y) is finite. 
Hence Y is not stable if it has a homoclinic trajectory. 

The trajectories . • ., 'r]2u{Y),tj. of Tvooi^jY) depend continuously on /i. Sup- 
pose that ^(Y) has no homoclinic trajectories. Given a trajectory 77 j ^ in Tr^ooiY) 
(resp. Tr<_oo(l")) we have that {rij^^i) (resp. u)^ {rjj^^)) is a singleton contained 
in Sing(l') by Lemma 14.31 Since basins of attractions are open sets then the pre- 
vious limits do not depend on /i for /i G §^ in a neighborhood of f . By extending 
an analytical conjugacy defined in a neighborhood of 00 we obtain that there ex- 
ists a topological orbital equivalence between and 3fi(/iF) defined in F where 
F{n) = Tr_,oc{pY) U Tr^^ipY) U {00} U Sing(y). The set F{^l) depends con- 
tinuously on /X. The functions a^^ and w'^^ are constant in each component of 
pi(C) \F{^i). Moreover 

ia,Lo): iP\C)xV)\U^^v{Fi^i)x{^i}) ^ Sing(y) x Sing(r) 

is constant in the connected components of (P"^(C) x V") \ U^gy(F(/i) x {^}) for 
some connected open neighborhood of f in §^ . As a consequence the topological 
orbital equivalence can be extended to P^(C). □ 

Definition 4.11. Let Y = P{w)d/dw be a polynomial vector field with i'{Y) > 1. 
We define - {A G : AF ^ XstabieiC,0)} . 
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Definition 4.12. Let X E Xpi{C'^ ,0). Consider the compact-like sets Ci, . . ., 
Cq associated to X. Let Xj{\) — X^''^^'^ Pj{w)-^ be the polynomial vector field 
associated to Cj and X iox \ < j < q. We define 

Z^j^' = {A e §1 : X,{\) ^ Xstabie{C,Q)] , U], = Ui<,<,W^\ 

On the one hand the dynamics of 5ft(X) in an exterior set is trivial. On the other 
hand the behavior of ^{X) in Cj is controlled by the vector field Xj{\). Hence the 
dynamics of ^{X) is stable in the neighborhood of the directions in \ l^x- 

Definition 4.13. Let ^ be a subset of C \ {0}. Consider the blow-up mapping 
TT : (R+ U {0}) X §1 ^ C defined by 7r(r, A) = rX. We denote the subset 7r-i(A) 
of (R+ U {0}) X §1. We say that A adheres the directions in A^ n ({0} x S^). 

Lemma 4.5. LetY = P{w)d / dw he a polynomial vector field with viY) > 1. Then 
U^=(d if and only if ttSing(y) = 1. 

Proof. If ttSing(F) — 1 then we have Y — w'^^^^^^d/dw for some > 1 up to an 
affine change of coordinates. The vector fields Y and fiY are analytically conjugated 
by a linear change of coordinates for any /i S 

Suppose Uy — 0. The dynamics of ^{^Y) depends continuously on /i. Consider 
the trajectories Jyi,^, . . ., V2i'{Y),fi of Troo{nY) ordered in counter clock wise sense. 
We can suppose that 77^^^ S Tr^coilJ-Y) if j is odd whereas 77^^^ S Tr^ao(,l^Y) 
if j is even. The trajectory rjj^^ie adheres to a direction \Qe~^^^^e^'^^^^ for some 
Ao e §1 and aU 6* e M and 1 < j < 2v. When we follow the path e'^ for 9 e [0, tt] 
the direction X^e^'"^/" becomes Xae~^'"/'^e^'^^/'^ and Y becomes —Y. Hence the 
trajectories 77^,1 and 77^+1, _i are the same as sets. We obtain 

iS^ (jij^i) — {rjjj^i^i) for j odd and ijij^i) — 01^(77^+1^1) for j even. 

This implies that there exists wi G Sing(y) such that a;^(77j.i) = {wi} if j is odd 
and a^(7;j 1) = {wi} if j is even. 

We claim that wi is the unique point of Sing(y). Consider 7112 € Sing(y). The 
point W2 is a parabolic point, i.e P'{w2) — 0. Otherwise there exists /io such 
that ?7;2 is a center of 5R(/io^) and /io belongs to Uy by Lemma 14.31 The set 
G = {w e C \ Sing(F) : uj^ {w) = {W2}} n Tr^oo{y) is non-empty by Lemma li^ 
The discussion in the previous paragraph implies ?7;2 = u^i. D 

Corollary 4.2. Let X Xpi(C^,0). ThenUjl^ = iff <iSmg{X j (l)) = 1. Moreover 
we have U]. ^ ^ iff N{X) = 1. 

Corollarv l4.2l implies that there are instability phenomena for any X = g{x, y)d/dy 
in A'p*;^(C^O) with N{X) ^ 1. The remaining case N{X) = 1 is a topological 
product. More precisely 3?(X) is topologically conjugated to di{g{0,y)d/dy) by a 
mapping of the form 17(0;, y) = (x, a{x, y)). 

Definition 4.14. Let X E A'pi(C^,0). Consider a non-parabolic exterior set £. 
We define U^'^ = {A e : X<^^h{0) E iR} where X = x<^'>h{x)td/dt in adapted 
coordinates in £. We define U^'^ = if £ is a parabolic exterior set. 

Remark 4.2. Let us stress that if Cj is the compact-like set enclosing the non- 
parabolic exterior set £ then Ufr^ C l^x^- The point t = is an attractor in 
{x E 5(0,(5) \ {0} : Re{X<^'>h{x)) < 0} where x = |a;|A. 
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Let US analyze the dynamics of 5R(X) in the stable directions. The next result is 
Lemma 6.13 of [22]. 

Lemma 4.6. Let X e X*j^(C'^,0). Let K be a compact subset of \ ^x- Then 
[0,oo) is contained in I(X, Po,Tq) and lim^^^oo exp(CX)(Po) € Sing(X) for any 
Po e [0,d{e,K))K X dB{0,e) such that does not point towards \ at 

Pq. Moreover, there exists a dynamical splitting Fk such that the intersection 
o/ exp((0, oo)X)(Po) with every compact-like or exterior set is connected for any 
Pa e [0,S{e,K))K x dB{0,e). 

Let us remark that the dynamical splitting F k depends on K but it does not 
depend on e. Indeed stable behavior degrades as we approach the directions in U}^ 
in the parameter space. Therefore a unique dynamical splitting does not satisfy 
the result in the theorem for any compact set K C E>^ \ Ux ■ On the other hand 
instability of the dynamics of 5R(X) is related to a finite set of data, namely the 
polynomial vector fields restricted to the finitely many directions in lAx ■ Hence we 
can choose a unique dynamical splitting to describe instability phenomena. 

Corollary 4.3. Let X S XpiCC?,^). Let K be a compact subset ofS^ \^jf • Given 
any e > small there exists So = (^o(e, K) G such that 

• There ts no P E [0,So)K x B{0,e) such that (P) = uj^ (P) = {oo}. 

• a^{P) C Sing(X) oruj^{P) C Sing(X) for any P G [0,do)K x B{0,e). 

• There are no closed trajectories or centers of^{X) in [0,So)K x B{0,e). 

Proof. Let "= be the constant provided by Lemma [4.61 Suppose there exists 
P G [0,So)K X B{0,e) such that a^{P) = {oo}. Consider (a, 6) = I{X,P,U,) 
(see Definition I2.20p . Let Pq = T{X, P,To){a). Lemma [4.61 implies b — oo and 
uj^{Po) C Sing(X). Analogously uj^ {P) = {oo} implies (P) C Sing(X). 

It remains to consider the case {P) ^ {oo}, (P) ^ {oo}. We have that 
either both a-^{P), oj^ {P) are contained in Sing(X) or P belongs to a closed 
trajectory 7 by Proposition 14. II Suppose that 7 is contained in x = xq- Consider 
the union D of closed trajectories of ^{X) in {xq} x B{0, e). Let {xq, yo) be a point 
in (dDo \ Sing(X)) n {{xq} x B{0, e)) where Dq is the connected component of D 
containing 7. The point {xo,yo) satisfies a^{xo,yo) — uj^{xo,yo) — {00}. This 
contradicts the first part of the corollary. □ 

5. Dynamics in exterior basic sets 

We study the dynamics of diffeomorphisms (p G Diffpi(C^,0). The idea is com- 
paring the dynamics of (p with the dynamics of a convergent normal form exp{X) 
(see Definition 12. 5p . This section is intended to describe the behavior of ^{X) in 
exterior sets. 

The main technique to prove the results in the paper is the study of special 
orbits for cp G Diff *]^(C^, 0). Part of the proof is showing that such orbits are close 
to trajectories of it{X) where X is a normal form of ip. In order to compare the 
orbits of (p and = exp{X) we need some estimates that are introduced below. 

Definition 5.1. Let X G A'pl(C^O) and P G U^. Given M G M+ we define 

Bx{P,M) = U,eB(o,A/){exp(zX)(P)}. 
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5.1. Exterior sets. 

Definition 5.2. Let X e A'pi(C^,0). Let £ ~ {r]>\t\> p\x\} be an exterior set 
associated to a seed T. The vector field Xg is of tlie form 

Xe = v{x,t){t-^i{x)y^ ...{t-^p{x)Y-d/dt 

where u is a function never vanishing in T. Denote 7^ =71. Denote ■0^ a Fatou 
coordinate of ti(0,t — ^£{x)){t — ^£{x)Y''^^^'^ d / dt defined in the neighborhood of 
£ \ SingX. 

The idea behind the definitions in this section is that the dynamics of the vector 
fields Xg and u(0, t — ^£{x)){t — ^£{x)Y^^^^^d/dt in £ are analogous. But the latter 
vector field is much simpler since it is conjugated to v{{),t)t^'^^^^^d / dt, that does 
not depend on by a diffeomorphism + ^^(x)). 

Remark 5.1. Suppose v{£) = 0. We have Xg — h{x)td/dt. The function ip'^ is of 
the form 

r, = j^^lnt + bix) 

where b{x) is a holomorphic function in the neighborhood of 0. The Fatou coor- 
dinates are useful to study trajectories of ^{X) intersecting the boundaries of the 
basic sets. We will use determinations of V'f that are bounded by above in the 
exterior boundary of £. 

Remark 5.2. Suppose v{£) > 0. The function is of the form 

^£ = -TTVWT^^u TlWfT + ^^^(^^' 0)) Ht-lsi^)) + h{t-^s{x)) + h{x) 

v{£)v{Q,{)) [t ~ j£{x 

where h{z) is a 0(1/ z'^^^'^"^) meromorphic function and b{x) is a holomorphic 
function in the neighborhood of 0. We make analogous choices of determinations 
of ip£ as in the case i'{£) = 0. We obtain that given C > there exists C(; G M+ 
such that ^ ^ ^ 

in £n{t~ -f£{x) e R+e'[-^^fl} D {x e B{0, (5(C))}. 

Definition 5.3. Let £ ~ {ri > \t\ > p\x\} be a parabolic exterior set associ- 
ated to X e A'pi(C^,0). Denote by ip£ a Fatou coordinate of Xg defined in the 
neighborhood of £ \ SingX such that ip£{0,X,t) = ip'^{0,X,t). The function ip£ is 
multi-valued. 

5.1.1. Non-parabolic exterior sets. The next lemma is used in Proposition 17.11 to 
show that far away from U^'^ (see Definition I4.14p the orbits of (p track, i.e. are 
very close to, orbits of the normal form ^^p. The lemma will be applied to the 
function (see Definition 12. 6p that measures how good is the approximation of 
ip provided by ^^p. 

Lemma 5.1. Let X £ Xpi(C'^,0) with N > 1. Fix a non-parabolic exterior set £. 
Consider a function A ~ 0{x°'t) where X = x''''^^^ h{x)td / dt in adapted coordinates. 
Fix a closed subset S of {X € §^ : Re{X^'^^^ h{0)) < 0} and 6 S N. Then there exists 
C S such that |A| < C|a;|°/|^/'£:|'' in a neighborhood of any trajectory 7 o/5R(X) 
in£n{xe (0,(5)5}. 
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In Lemma lOl we consider neighborhoods of the form Bx (7, M) — U p^^Bx (P, M) 
for some a priori fixed A/ e M+, for instance M = 1. In such neighborhoods the 
function ip£ is uni-valuated. 

Proof. We have 

, , y d , Ini 

Xs = h{x)t— =^ ^£ 



dt h{x) ■ 

We obtain A = 0(x"e''(^)'^^). We have (x = rX with r e M+ U {0} and A G S^) 

{hix)i^£) o exp(zX)(a;, y) = ihix)ij£){x, y) + r'''^^^ zhix)X<^^ 

for any z € C. The trajectories of ^(X) are obtained by considering z € R. We 
obtain 

along any trajectory of di{X). The constants Ci,C2 G M+ do not depend on the 
trajectory because of the choice of ip£ (see Remark 15.11 and Definition 15. 3|) . It is 
clear that e-'^^IV'sl = 0(1/V^^). □ 

5.2. Parabolic exterior sets. Let X £ XpiiC"^ ,0). Consider a parabolic exterior 
set £. The approximation of X£ with v{0, t—^£{x))[t—^£ {x)Y'^^'^'^^d / dt is accurate. 

Lemma 5.2. (Lemma 6.5 ^) Let £ = {(x, t) e B(0, 5) x C : ■q>\t\> p\x\} he a 
parabolic exterior set associated to X £ Xpi('C^ ,0). Let z; > 0, C > 0. Suppose E is 
terminal. Then < v in Sf^{t--i£{x) & R+e*[-^'^l}n{a; e B(0, C))} 

for some S{v, C) £ R+. The same inequality is true for a non-terminal £ if p > 
is big enough. 

The behavior of a multi-transversal flow in a parabolic exterior set is also anal- 
ogous to a Fatou flower from a quantitative point of view. In particular we prove 
that the spiraling behavior is bounded in exterior basic sets. 

Proposition 5.1. Let X e Xpi(C^,0) and let £ ^ {ri > \t\ > p\x\} be a parabolic 
exterior set associated to X. Consider a trajectory T — r(A"^^^-'X£, (?', A.t),5) for 
rX in a neighborhood ofO. Then T is contained in a sector centered at t — 7£(rA) 
(see Definition \5.S\} of angle less than ^ for some C > independent of r, X and T . 

Let us explain the statement. Consider the universal covering 

(r,A,7£(rA) + e^) \SingX. 

Let the lifting of F by (r, A, e^). We claim that the set (/m(z))(F^) is contained 
in an interval of length Q. 

Proof. We have 

X = t)(t - 7i(a;))"i ^ _ ^^(^x)y^d/dt 

where we consider 7^ = 71 . We denote 



j/(f)v(0,0) {t ~ -t£{x)y(^) u{£)v{Q,Q) [t - -ii{x)Y^^y 

Given u > and Co > we can consider ry > small to obtain that IV'^/^^" — 1| < w 
in the set {{x, t) £ £ :] arg(t — 7^ {x))\ < Co} (see Remark l5.2p . Therefore we obtain 
\4>£/tp£° — 1\ < V in {{x,t) £ £ : \ arg(i — 7i(x))| < Co} by considering 77 > small 
enough and p > big enough if £ is not terminal (Lemma [52 
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We have that either 

/A"(^^)(r) n ^(M+ U {0}) = or (V'£/A"(^))(r) n iiR- U {0}) = 0. 

Thus (?/'£/A^'^'^-')(r) hes m a sector of angle of angle 2tt. Since ipg/ip^ ^ 1 then V 
lies in a sector of center t — j£{r, A) and angle close to 2tt/i'{£). □ 

The next result plays an analogous role as Lemma |5. II for parabolic exterior sets. 

Lemma 5.3. Let X G Xpi(C'^,0) with N > 1. Fix a parabolic exterior set £. 
Consider a function A = 0{x°'f'^) where X = x'^^^^ f d / dt in adapted coordinates. 
Then A is of the form 0{x°' /"ifig) in £ . 

Proof. Let 

X = x^^'\{x, t){t - j,ix)r ■■■(.t- -fpix)y- ^ 

be the expression of X in adapted coordinates in the exterior set £. Let v ~ i'£{X). 
We obtain A Oix^it - 7i(x))''^''+^^) in £. We have 

^£~V^^l/(i-7i(^)r 

by Lemma 15.21 Let us remark that the previous property holds true at a sector 
centered at i = 7i(?'A) and angle uniformly bounded. We obtain A = 0{x°' /'tp^^) 
for e = (i^ + by Proposition l5.ll □ 

6. Long Trajectories 

Definition 6.1. Consider a subset (3 of C. We say that u : /3 — >■ is a section if 
there exists a continuous function i; : /3 — > C such that v{x) = {x,v{x)). 

The proof of Theorem 11.11 depends on the instability properties of elements ip of 
Diff *;^(C^, 0). Roughly speaking, we consider sections v : PVJ {0} — > C/e, where (3 
is a connected set with € /3, such that the limit of the orbits of Lp through v{x) 
splits in two orbits in the limit. One of the orbits is obviously the orbit through 
w(0) whereas the other orbit is composed of points (0,y_) such that to go from 
v{x) to a neighborhood of (0,?/_) we have to iterate </? a number of times T{x) 
that tends to oo when a; — )■ 0. These so called Long Orbits appear when N{'^) > 1 
even if for simplicity we only consider the case N(tp) > 1, m(ip) — 0. Anyway, this 
is a non-generic phenomenon since the parameters containing Long Orbits adhere 
directions oi U\ (Proposition 17. 4p . Next we introduce the rigorous definition of 
Long Orbits and its analogue (Long Trajectories) for vector fields. 

Let X G A'p\(C^, 0) be a vector field defined in 5(0, 5) x i?(0, e). Consider a set 
;3 C C* adhering e C and a point ?/+ e B(0,e)\{0} such that w^(0, y+) = {(0,0)}. 
Assume that T : /3 — > is a continuous function such that \\m.x£p, x^o T{x) = oo. 
We are interested in describing the limit of the trajectory r{X, {x,y+), Uf) when 
X £ P and a: — > 0. 

Definition 6.2. We say that O ~ {X,y+, /3,T) generates a weak Long Trajectory 
if there exist a submersion i^a ■ /? So where So is a connected subset of M 
containing and a section vo ■ I3U {0} — >■ with vo{Q) — (0, y+) such that 

• 'dQ^{s) is a germ of connected curve for any s e So- 

• [0,T(a;)] Cl(r(X,uo(x),C/e)) for any x e (5. 
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• Given a compact subset K of So there exists ejc > such that 

T{X,vo{x),U,){T{x))^U,^ 

for any x <E d'^{K) close to 0. 

• Given any e" > there exists il/ e N such that 

T{X,vo{x),U,)[M,T{x) ^ M] C U,n 
for any x € /3 in a neighborhood of 0. 

Definition 6.3. We say that O = {X,y+, f3,T) generates a Long Trajectory if O 
generates a weak Long Trajectory and there exists a continuous xo ■ iSo — >■ Ut{Q) 
(see Definition 12. 20p such that 

Xo{is)= hm V{X,{x,y+),U,){T{x)) 

for any s £ So and xo(is) = exp(isX){xo{0)) for any s e 5ci. 

Fix s € iSo for a Long Trajectory C The trajectory T{X,{x,y-i-),Uf_)[0,T{x)] 
converges to r{X, {0,y+),U^)[0,oo) U {(0,0)} U T{X,xoiis),Ut){-oo,0] when x e 
'dQ^{s) tends to 0. We consider the Hausdorff topology for compact sets. Moreover 
T{X, xoiis), Ue) describes all trajectories in a petal of 3fi(X)|(7^(o) if So = K- 

Consider a weak Long Trajectory. An accumulation point of r(X, {x, y+), f7e)[0, T{x)] 
when x G i3^^(s) tends to is a union of two trajectories of ^{X)\u^(q) and the 
origin by the last two properties of Definition 16.21 Anyway the accumulation set is 
not necessarily unique. The definition of Long Trajectory was introduced in [21]. 
There the section vo is defined in a curve denoted by /3 U {0} in [24] and whose 
analogue in this paper is U {0}. Then the evolution of the Long Trajectories 

is studied when that curve varies in a family as {"So^is)} ^^g^- In this paper we 
can deal with all the curves simultaneously since the proofs have been improved by 
using the properties of polynomial vector fields. 



Remark 6.1. CoroUarv 14.31 implies the non-existence of weak Long Trajectories O 
such that So is compact and /3 adheres directions in \ U\ . More precisely we 
have lim„_>.oo r(X, uc)(xn), C/e)(r(a:n)) = (0,0) for any sequence Xn in /? such that 
x„ — >■ and Xn/\xn\ converges to a point in §^ \ l^x- Thus any set /3 supporting a 
weak Long Trajectory with So compact adheres to a unique direction in the finite 
set Ux ■ 

Next we introduce the analogue of Long Trajectories for diffcomorphisms. Let 
If G Diff pi (C'^, 0). Let ?;+ 7^ be a point such that (^^ (0,y+) is well-defined and 
belongs to Ue for any j G N and limj_i.oo '/'"' (O; 2/+) = (0> 0). Consider a germ of set 
/? C C* at and a continuous function T : /3 — >■ with livux^p. x-¥oT{x) — oo. 
We denote by [s] and \s~\ the integer part and the ceiling of s G R respectively. Let 
us remind that \s~\ is the smallest integer not less than s. 

Definition 6.4. We say that O — {(p,y+, /3,T) generates a Long Orbit if there 
exist a submersion "do '■ P — > So where So is a connected subset of M containing 
and continuous u o : /? U {0} Ue and xo ■ [0, 1] -I- iSo Ue{0) \ {(0, 0)} such that 

• 'i?(jj^(s) is a germ of connected curve for any s G So- 

• Vo is a section, uo(0) = (0,?/+) and xo(l + is) = ^ixoiis)) for any s G So- 

• (p^ {vo(x)) is well-defined and belongs to Ue for any < j < [T{x)] + 1 and 
any x G /S. 



RIGIDITY OF UNFOLDINGS OF RESONANT DIFFEOMORPHISMS 



23 



• Given any z — s + iu ^ [0,1]+ iSo and a sequence {xn} in /3 with — >■ 
and 

s = hm {\T{xn)~\ - T{xn)), hm 79o(a;„) = u 

n— ^oo n— >-C30 

we obtain hm„^oo y^^'^^'^"^\vo{xn)) = Xo{z). 

• Given any e' > there exists Af e N such that 

V'^(t;(x)),...,^rT(.)l-M(^(^))} 

is contained in U^' for any x £ /3 in a neighborhood of 0. 

Notice that if {X,y+, f3,T) generates a Long Trajectory then (exp(X), /3, T) 
generates a Long Orbit. The definitions of Long Trajectories and Orbits are anal- 
ogous. Obviously the definition for fiows is a bit simpler since for diffeomorphisms 
we can only iterate an integer number of times. 

Remark 6.2. Long Orbits are topological invariants. 

Remark 6.3. In the previous definitions /3 is a germ of set at if So is compact. 
Otherwise we identify /3 and (3 if the germs of -dQ^l—nju] H /3 and n /3 

coincide for any n £ N. 

Definition 6.5. Suppose that {X, y+, (3, T) generates a weak Long Trajectory. Let 
(0,y^) = exp(MX)(0,2/+) for some Af G N. Then {X,y'^, (5,T - 2M) generates a 
weak Long Trajectory. We say that the latter weak Long Trajectory is obtained by 
trimming the former one. Given e' > any weak Long Trajectory is contained in 
Ue' up to trimming by the last condition in Definition 16.21 

Analogously suppose that {(fi,y+, I3,T) generates a Long Orbit. Let (0,?/^) = 
(^^(0,y+) for some Af S N. Then {ip,y'^,P,T- 2M) generates a Long Orbit. We 
say that the latter Long Orbit is obtained by trimming the former one. 

Trimming does not change the fundamental properties of a Long Trajectory. 
Moreover it is easy to define germs of Long Trajectory. Trimming maps a Long 
Trajectory to another one in the same equivalence class. 

6.1. The residue formula. The quantitative properties of the Long Trajectories 
are obtained by applying the residue formula. It allows to calculate the "length" 
of the Long Trajectories or more precisely the function T (see Definition 16.31) . 

Consider a vector field Z ~ a{y)d/dy defined in a neighborhood of -6(0, e') such 
that Sing(Z) n dB{0,e') = 0. Let 7 : [0, c] ^ C a trajectory of ^(Z) such that 
7(0) e 5B(0,e') 3 7(c) and 7(0,0) C 5(0, e')- Let k be a path in dB{0,e') going 
from 7(0) to 7(c) in counter clock wise sense. Consider the bounded connected 
component C_ of C \ 7^"^. We denote — C- C] Sing(.Z). 

Consider a Fatou coordinate ■(/;+ of Z defined in a neighborhood of 7(0). We 
define tp- and tp'_ Fatou coordinates of Z defined in the neighborhood of 7(c). 
More precisely, ip- and 'ip'_ are obtained by analytic continuation of ip^ along the 
paths K and 7 respectively. We have 

M+9c = ^L(7(c))-^+(7(0))-V-(7(c))-27rz ^ i?es(^, y) - ^+(7(0)). 

This is the residue formula. Of course it can be extended to other setups. For 
instance if 7 : [0, c] -> C is a trajectory of 3?(Z) such that there exists ci, C2 G [0, c] 
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with 7(0, ci) C C \ B{0, e'), 7(ci, C2) C 5(0, e') and 7(03, c) C C \ B{0, e') the we 
obtain 

(2) V-(7(c))-27ri ^ i?es(Z,2/)-^+(7(0)) = ceK+ 

where is a Fatou coordinate of Z defined in a neighborhood of 7(0) and is 
the analytic continuation of V'+ along 7[0, Ci]k7[c2, c]. 

Eq. ^ is interesting to study weak Long Trajectories. Given a Long Trajectory 
O (see Definition 16. 3p we can define a holomorphic Fatou coordinate ip+ of X in 
the neighborhood of {0,y+). Then we can consider the Fatou coordinates '0_ and 
tp'_ defined in the neighborhood of xo{Q)- The Fatou coordinate is holomorphic 
in the neighborhood of xo(0) whereas "i/"- is equal to 00 in x = 0. Thus the length 
and properties of Long Trajectories are intimately related to the properties of the 
meromorphic residue functions. 

Remark 6.4. Suppose that O = {X, y+, /3, T) generates a Long Trajectory. Then the 
trajectory r{X,vo{x),Ue)[0,T{x)] establishes a division of Sing(X) in sets E-{x) 
and E+{x) — (Sing(X))(x) \ E^{x) as described above. Moreover the sets E^{x) 
and E+{x) depend continuously on x. We say that {E^,E+) is the division of 
Sing(X) induced by O. 

6.2. Behavior of trajectories in adapted coordinates. The Long Trajectories 
of an element in X*^ (C^ , 0) with A'^ > 1 are obtained by analyzing the dynamics in 
the most exterior compact-like set Cj^ such that 7^ 0. This section is devoted 

to describe the dynamics of 3?(X) in the basic sets enclosing Cj„ . 

We study the properties of the sets of tangencies between ^{X) and the bound- 
aries of the basic sets in the next results. This is useful to understand the topological 
behavior of 5R(X). Moreover the set of tangencies determines the dynamics of ^{X) 
for some simple basic sets and in particular for the basic sets that are the subject 
of this section. 

Definition 6.6. Let X € A'pi(C^,0). Consider an exterior set 

£ = {{x,t) e 5(0,(5) X C : 7/ > |t| > p\x\) 

associated to X with 77 > and p > 0. We define T£^{r,X) the set of tangent 
points between \t\ = 77 and ^{X'^'^^^ X£)\x^r\ for (r. A) G M>o x S"^. We denote 
T^(rA) — T£j^{r, A) for the particular case £ — £q. 

Remark 6.5. We have X = r^'-^^X^^^Xg. Thus T£l^{r,X) is the set of tangent 
points between yt{X)\x^^x and \t\ — rj for r ^ 0. The definition allows to extend 
the concept to r = in adapted coordinates. 

Definition 6.7. Let X E A'pi(C^,0). Consider a compact-like set 

C = {ix,w) e B{0,5) X BiOjj}\{UceSc{i^,w^) e ^(O,'^) x B(0,r,c,c)}) 
associated to X. We denote TC'^{r, A) the set of tangent points between the exterior 
boundary |777| — p oi C and di{X'^'-'^^ Xc)\x=r\- 

Definition 6.8. Let B a basic set. We say that a point P G TBx{r, A) is convex if 
the germ of trajectory of '^{X'^^^^ XB)\x=rX through P is contained in B. 

We describe the tangent sets TBx {r, X) for parabolic exterior sets and compact- 
like sets. 
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Lemma 6.1. (See [22 J Let X e Xpi(<C'^,0). Let £ ^ {rj > \t\ > p\x\} he a 
parabolic exterior set associated to X with < 77 << 1 and p > 0. Then the set 
TE^^{r, A) is composed of 2v{E) convex points for all (A, yit) € x §^ and r close 
to 0. Each connected component of {de£){r, A) \ T£^-^{r, A) contains a unique point 
of T£'^,^{r, A) for all r e [0,(5), A, p., p' G S"'^ such that p! <eEi^\ {— 

Lemma 6.2. (See [22 J Let X e Xtpi(C^ ^Q) and a compact-like set 

C = {{x,w) e 5(0, <5) X 'B(^)\{^cesc{{x,w^) e B{Q,5) x B(0,r,c,c)}) 
associated to X with p » 0. Then TC'^^-^{r, A) is composed of 2v{C) convex points 
for all (A, G X and r close to 0. Moreover each connected component of 
{deC){r, X) \TC^-^{r, X) contains a unique point of TC''^,-^{r,X) for all r £ [0,(5), A, 
p, p' G §^ such that p' G \ {~p,p}. 

Definition 6.9. Let X G Xpi{C^,0) with TV > 1. Let B he a basic set. The set 
{deB\ TxB)[x) has 2v{B) > connected components if i^{B) > (Lemmas 16.11 
an(i l6.2p . Otherwise S is a non-parabohc exterior set and {deB \ TxB){x) is either 
empty or coincides with {deB){x). We say that a set is a boundary transversal if it 
is the closure of a connected component of {deB \ TxB). for some basic set B. 

Suppose v{B) > 0. We define the set diB of points in deB where ^{X) does not 
point towards the exterior of B. It is the union of ^{B) boundary transversals. 

Definition 6.10. Let X G Xpi{C^,0) with N{X) > 1. Corollary implies that 
there exists a sequence of basic sets £0, Ci, £1, C2, ■ ■ £jo-ii Cj„ such that 

di£o — deCi, djCi = de£i, . . . , 9/Cj„_i = de£jg-i, di£jg-i = deCj^, 

U]^ . = for any 1 < j < jo and U]^^^^ ^ 0. We deduce v{£f)) = . . . = v{Cj,,). We 
say that £q, Ci, £1, C2, . . ., £jo-i, Cjo is a simple sequence associated to X. 

Let yS be a basic set in the sequence with B ^ Cj^ . The set B{ro, Aq) is an annulus 
that does not contain singular points of X. A/Ioreover the number of tangent points 
between di{X) and deB coincides with the number of tangent points between di{X) 
and diB and it is equal to 2i'{X) in any line (r. A) — (ro,Ao) with tq G [0,(5) and 
Aq G Both sets of tangent points are composed of convex points. It is easy to 
show that in this setting the dynamics of ^{X'^'^'^'' XB)\x=r\ is as described in Figure 
(12) (sec Proposition 6.1 and Corollary 6.1 of [22j). The dynamics of di{X) in B is 
a truncated Fatou flower. 

Definition 6.11. Let X G Xpi{C'^,0) with N > 1. Let £0, Ci, . . ., Cjg he a. simple 
sequence associated to X. Consider a continuous section t : [0,(5) x §^ — > 9^£o- 
Denote F^.a = T{X, T{r, A), £0 U Ci U . . . U £j„-i). The dynamics of ^{X) implies 
supI(r^,Aj < 00 and F^,a(supI(F^,a)) e 9;Cjo for any (r. A) G (0,(5) x S^. The 
formula 

dT{r, A) =r,,A(supI(F,,A)) 
defines a continuous section dr : (0, 6) x ^ (^l^ jo- 
in other words 9r(r, A) is the first point of the positive trajectory of 3?(X) 
through r(r. A) that belongs to Cjg. 

Remark 6.6. A section r as introduced in Definition 16 . 1 II satisfies that t([0, 5) x S"'^) 
is contained in a component k of 9^fo- The set (9r)(i3(0, S) \ {0}) is contained in a 
connected component k of diCj^ . Moreover k depends only on k and the mapping 
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K — ?> K is a bijection from the boundary transversals of 9^£o onto the boundary 
transversals of d^Cj^ . 

The next proposition shows that dr is continuous in adapted coordinates. 

Proposition 6.1. Let X E Xpi(C'^,Q) with N > 1. Let Eq, Cj„ be a simple 
sequence. Consider a continuous section t : [0,6) x §^ — > diSo- Then dr admits 
a continuous extension to [0,6) x S"'^ in the adapted coordinates ofCjg. Moreover 
we have ((9r)(0,A) G Tr^ooiXjg{X)) for any X £ S^. The mapping {dT)\r=o de- 
pends only on the connected component k of O^Eq containing t{[0,5) x S^). The 
mapping k — >■ (9r)|r=o o, bijection from d^So onto the continuous sections of 
Tr^^{X,J\)). 

Proof. We denote 

= {i^,t) G B{0,6) xC:Tj>[t[> p'[x[} 

in adapted coordinates associated to Sjo-i- We have Sjo-i — Analogously 
we denote 

C^^' = {[x,w) e B(0,6) X Wl^}\{^cesc{{^.y^c) S B{0,5) x B{0,ijcx)}) 
in adapted coordinates associated to Cj^ {t = xw). We obtain Cjg — Cj^. Consider 
the section (dr)'' associated to r and So, Ci, . . ., Cj^-i, £j^^i, Cj^ for p' > p. The 

image of (dr)'' is contained in a connected component Kpi of diC^^^ . Moreover Kpi 
depends continuously on p' for p' > p. 

Consider p' > p and A e We define : Kp' (0, A) -> Kp{0, A) as the mapping 
given by the formula 

t{(P) -r^(supl(r^)) where ^ T{Xj,iX), P,^^) \ B{0, p)). 
Notice that all the accumulation points of sequences of the form (9T)(r„, A„) with 
(''ri, A„) — >■ (0, A) are contained in (Kp'(0, A)) for any p' > p. Hence any accumu- 
lation point belongs to £; = {P e Kp{0,X) : r^'(inf Z(r^)) e dB{0,p') Vp' > p}. 
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A neighborhood of oo in C is a union of angles of 5R(Xj„(A)) (see Remark l4.1l and 
Definition 14. 3p hmited by trajectories in Troo{Xjg{\)). As a consequence the set E 
is the singleton Kp(0, A) n Tr^oo{Xj„{X)) for any A e □ 

Remark 6.7. Let X e X*i{C'^, 0) with > 1. Let £q, . . ., Cj„ be a simple sequence 
associated to X. By applying Proposition l6.1l to X and —X we obtain the existence 
of a bijection between the connected components of {B{0, 6) x dB{0, e)) \ T|- and 
the continuous sections of Trac,iXjg{X)). 

Definition 6.12. Let Vi, . . ., 'P2y{x) be the petals of 3?(A)|(7^(o) (see Defini- 
tion 12.12]) . Let ai, a^^^x) be the 2v{X) connected components of (5(0,(5) x 
dB{Q,e)) \ T^. We can enumerate them so we have aj{0) C Vj for any 1 < j < 
2v{X). Moreover if Vj is an attracting petal we have aj C d^Eo. We denote by 
dj : §^ deCjg the mapping (9r)|r^o for '''(^(0, ^)) C a^. 

Remark 6.8. There exists a bijection between attracting (resp. repelling) petals of 
5J(A)|^^o and continuous sections of Tr^oo{Xjg{X)) (resp. Tr^oo{Xjg{X))). 

Let us explain the remark. A section ti : B{0,S) — B{0,6) x i3(0,e) with ri(0) 
in an attracting petal Vj induces a continuous section dri : [0,6) x S-^ deCjg in 
adapted coordinates such that dj{X) — (9ti)(0,A) for any A G S^. More precisely, 
consider e' < such that e' < |ri(0)|. Then ti induces a section r{ : 5(0,(5) — > 
5(0, (5) X 95(0, e') where r{ (x) is the first point in 5(0, S) x 95(0, e') of the positive 
trajectory of 3?(X) through ti (x) . In the same way we can define r' for t(5(0, (5)) C 
aj. We define dri = 9t( and we have dr = dr' . Since t'(x) and T((a;) are contained 
in the same component of (5(0, S) x 95(0, e')) \ r|-' for any x € 5(0, 5) we obtain 
dj = {dTi)\r=o by Proposition 16. II 

6.3. Existence of Long Trajectories. Next we prove the existence of Long Tra- 
jectories for A^ > 1. The main idea is that Long Trajectories appear naturally in the 
neighborhood of some homoclinic trajectories of polynomial vector fields associated 
to the unfolding. 

Proposition 6.2. Let X e X*^^ fC^, OJ with N > 1. There exist y+ e 5(0, e) \ {0}, 
a germ of set /3 at and a continuous function T : /3 ~> such that (A, y^, /?, T) 
generates a Long Trajectory with So — K- 

Proof. The first part of the proof is intended to introduce the objects that define 
the Long Trajectory of 3fJ(A). Let £q, Cj^ be a simple sequence associated 
to X. Consider Aq € ^xjo ^^^'^ ^ homoclinic trajectory F — r(Aj„ (Aq), wq, C) 
(Proposition l4.2|) . We have T{T) — (sq, si). The choice of the compact-like set 

= {{x,w) e 5(0,(5) X BiOj}}\{'Jces,,{{x,Wi) G 5(0,(5) x 5(0, 77^)}) 

implies |l(r n 95(0, p)) = 2 because of the local dynamics of 3fi(Aj(j (Aq)) in the 
neighborhood of 00. Indeed we have T n 95(0, p) — {r(to), r(ii)} for some sq < 
to < ti < si. There exists a unique attracting petal V+ = Vj of 3fi(A)n/^(o) such 
that 9j(Ao) = r(to) (see Definition I6.12|) . Denote 9+ — dj. Analogously, there 
exists a unique repelhng petal V- of ^{X)^x=o such that 9_(Ao) = r(ti). Let V' 
be a Fatou coordinate of Xjg{Xo) defined in the neighborhood of 00 and such that 
V'(oo) — 0. There exists a unique connected C_ component of C \ r(so,si) such 
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that r parametrizes dC- in clock wise sense. Denote E- = C_ n Sing(XjQ (1)). We 
obtain 

(3) M.+ 3 si - So = iP{oo) - iP{oo) ~ 2TTi ^ Res{Xj,X^o),P) 

PeE^ 

by the residue formula. Consider the set E-{r,X) C (Sing(X))(r, A) that varies 
continuously with respect to (r, A) and satisfies £'-(0, 1) — We have 

(4) Y: ^-(^'^) = ^i-)^ f E i?-(X,o(Ao),P) +o(l) 

PeE^ix) II ^ \PeE- 

where fj, = x/\x\. The function X]pg_E (x) Res(X, P) is meromorphic (Proposition 
5.2 of 21 ) and it has a pole of order greater than 0. 

Fix (0, J/+) £ V+. Consider (0,?/_) £ V- such that exp(zX)(0, y_) is well- 
defined and belongs to for any z £ «M. Given any (0, y^_) £ V- the point 
exp(— jX)(0, y'_) satisfies the previous property for some j € N big enough. Let ^+ 
be a Fatou coordinate of X defined in the neighborhood of V+ in . We define a 
Fatou coordinate ■0- of X in a neighborhood of V- as in Subsection 16. II Wc define 

(5) ro(.T) = V-(0,2/-)-^+(0,y+)-2^z ResiX,P), Ts{x)^To{x)+is 

PeE-{x) 

for s e R. Eqs. (jS]) and ^ imply that there exists a curve f3s adhering Ao at 
(see Definition 14.131) and contained in r~'^(K+) for any s £ R. We define /3 as a 
connected set such that /? C UsgR/3s, n ({0} x = {(0, Aq)} (see Definition 
14.131) and contains the germ of /3s for any s S M. Let us clarify that we do not define 
/3 = UsgR/3s straight up because then 13^ n ({0} x — {(0, Ao)} does not hold true. 
We define T = Re{To), voix) = ix,y+), {'do)\ii, = s and xo{z) = exp{zX){0,y_). 
Our goal is proving that O — {X, y+, f3, T) generates a Long Trajectory. 
There exists a continuous section : (3 ^ such that 

^-{v\x)) - ^+{x,y+) = ^^{Q,y^) - ^+{Q,y+) + ido{x) 

and lim^jg^^ «o(x)^s, x^oV^{x) — Xo{is) for any s e M. Notice that 

Y Res{X,Q)^T{x)£R+ 

QGE-{x) 

for any x £ (3. We define 

ro-r(X,(x,y+),{/,), T^^T{X,v\x),U,). 

We claim that v^{x) = To{T{x)) for x £ (3. Let Uj{x) be the smallest positive 
real number such that T j{{—iy Uj{x)) £ deCjg for j £ {0,1}. Denote k+{x) = 
ro(uo(x)), K_(x) = ri(— Mi(x)). Moreover we get limj:g^^^_^.o K+(a;) — 9+(Ao) and 
limj:g^^j:_j.o K-{x) = 9_(Ao). Since c)_|_(Ao) and 9_ (Aq) belong to the same trajectory 

o 

of 9?(Xjn(Ao)) there exists W2 (a;) £ K+ such that r(X, K+(a;), f/(:)(0, U2(x)) £ Cjg and 

k+{x) r{X,K+{x),Ue){u2{x)) £ deCjg. 

We have \ir<[ix<zp^x^oii+{x) — 9-(Ao). Since -i/;- ^ 27ri ^pg^_^^^ i?es(X, P) is an 
analytic continuation of along Fq then there exists a Fatou coordinate -0+ defined 
in a neighborhood of (7',A,w) = (0, Aq, 9_(Ao)) such that V'+ (k_ (x) ) — ?/'+(«;+ (x)) £ 
K for any x £ (3. The point 9-(Ao) does not belong to T(Cj(,)^(0, Aq). Hence k+{x) 
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and K-{x) belong to a common connected transversal to di{X) for any x G /3. We 
deduce that k+{x) ~ for any x £ (3. 

We have that v^{x) = To{T{x)) for any x G [3. Given e' > small there 
exists a continuous function wp : /3 — >■ M"'" U {0} such that ro[0,wo(a;)) n [/<:/= 
and To{vo{x)) G 11^'- The function vq is bounded by above. Moreover there exists 
vi € R+ such that I(r(X, exp{—viX){xo{'is)), C/e')) contains (— oo, 0] for any s e K. 
Proposition 16. II applied to ro(uo), ri(— vi) and the construction of Tq imply that 
^q{vo{x),T{x) — vi) is contained in Ue' ■ Thus O — {X,y+, f3,T) generates a Long 
Trajectory. □ 

Remark 6.9. Consider the setting in Proposition 16.21 All the Long Trajectories 
of points of P+ with respect to /? have an analogous behavior. Let y'_^_ G V+ and 
y'_ e V- such that 

^P-iO,yL) - ^+(0,y;) = V-(0,2/_) - V+(0,y+) + j 

for some j E Z. If cxp(isX)(0, yL) e for any s e R then O = {X, y'^, l3,T + j) 
generates a Long Orbit and Xo (0) = i^iU'-) by the proof of Proposition l6.21 see Eq. 
dU. In general there exists jo & N such that O = {X, y'_^, f3,T + j — jo) generates 
a Long Orbit and Xo(0) = cxp(— jo-'^)(0, y'_)- Hence, up to replace T with T — ji 
for some ji S N U {0}, the Long Trajectory of a point of V+ with respect to {3 is 
always non-empty. 

It is natural to ask if we can choose y^ in any attracting petal V+ of 5ft(X) 1^/^(0). 
The answer is positive and the proof exploits the symmetries of the polynomial 
vector fields associated to X. 

Proposition 6.3. Let X e X*-j^(C'^,0) with N > 1. Let V+ he an attracting petal 
of Re{X)\j.^Q. Then there exists a germ of set /3 at such that the Long Trajectory 
associated to X, y^ with respect to jS is not empty for any G 1^+. Moreover 
given a repelling petal and a point (0,?/_) € V- there exist d G N U {0} and a 
Long Trajectory O = {X^y'^, l3,T) such that xo(0) = exp(— (iX)(0, y_). 

Proof. Up to a ramification {x,y) 1-^ (x^y) we can suppose X £ X^p-j^{C'^ ,0). We 
have 

X = u{x, y){y - j^{x)r ■ • • (y " TpI^))"" ^ 

where u G C{a:, y} is a unit and i^iX) + I — ui + . . . + Hp. Denote v — i^{X). 

Consider the notations in Proposition 16.21 We have Vj = V+ and Vk = V- 
for some j, fc € Z/(2i/Z). We have Xjo(A) = X>°''Pj^{w)d/dw. Notice that m(0,0) 
is the the coefficient of highest degree in Pj^. The trajectories in Troo{Xj^{\)) 
adhere to the directions in A^'''^u(0, 0)u''^ e R at 00. These directions rotate at a 
speed of — jo (in other words if A rotates an angle of 9 then the directions rotate an 
angle of —joO). In particular the tangent directions to Trao{Xj^{\e'^'^^^/^^°'''')) are 
obtained by rotating an angle of —2'ks/v the tangent directions to Trao{Xjg{^)) 
for s G [0, 1]. Since Xj^{\o) = Xj^{\oe^-^^'^^°''^) every trajectory in Tr^^lXj,X>^)) 
(resp. Tri^ao{Xj„{\))) is transformed into the previous one when s goes from to 
1. The previous discussion implies (see Definition 16.12^ 

5,+2(Aoe2^'/(^«'')) = r(io), and 9^+2 (Aoe^^^/^^"")) - r(ti) 

where P is the homoclinic trajectory such that 9^(0, Aq) G P 9 9fc(0,Ao). Con- 
sider any points (0,y^) G 'Pj+2 and (0,yL) G 'Pk+2- Up to replace (0,yL) with 
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exp(— (iX)(0, y'_) if necessary there exists a set j3' tangent to Aoe^'^*/*-^"'^^ such that 
d = {X,y'_^, (3' ,T') generates a Long Trajectory for some T' : f3' ^ K+ with 
Xo(0) = (Oj?/-) by Proposition 16.21 Long Trajectories of points of 'Pj+2 with 
respect to /3' are not empty by Remark WM 

We proved that if the result is true for Pi then it is also true for 1^1+2 ■ Hence it 
is satisfied for any petal of ^{X)^^^q. □ 

7. Tracking Long Orbits 

Let (fi g Diff *]^ (C^, 0) and a convergent normal form X of (p. Let O = {X, y^, f3, T) 
be a Long Trajectory. It is natural to ask whether (</?, y+,f3, T) generates a Long Or- 
bit. A priori this is not clear since orbits of could be (and are!) very different than 
orbits of S^^. Anyway the orbits {vo{x))}o<J<^T{x)^ ^nd {5^^v'(^o(^))j'o<j<rT(^)l 
remain close for x € p. The dynamics of "tracks" the dynamics of along Long 
Trajectories of 3?(X) (Proposition 17. 3p . The idea is that Long Trajectories change 
of basic set a number of times that is bounded by above uniformly and that in basic 
sets the tracking property is simple to prove. 

We study topological conjugacies a between elements tp, t] of Diff *^ (C^, 0). Long 
Orbits are topological invariants but a does not conjugate '^^p and and does not 
preserve the dynamical splitting in general. Hence it is not clear that the image of 
a Long Orbit of </? by cr is close to a Long Trajectory of Y where F is a convergent 
normal form of rj. We prove in Section 17.21 that Long Orbits are always in the 
neighborhood of Long Trajectories of the normal form since the latter one satisfies 
a sort of RoUe property. The tracking phenomenon allows to generalize the residue 
formula for diffeomorphisms (Propositions 17.51 and 17. 8p . 

Definition 7.1. Let X E X*i{C'^,0) with > 1. Let /3 be a germ of connected 
set at G C. Consider a family of sub-trajectories : [0, T'{x)] Ue{x) of ^{X) 
defined for x £ p. We say that {ra;}^^^ is stable if € /? : Pj; n £ ^ 0} does not 

adhere the directions in U^'^ (see Definition I4.14|) for any exterior set £. 

The orbits of ip and are very different in the neighborhood of the indifferent 
fixed points of ip. Roughly speaking a stable family is a family far away from 
indifferent fixed points. 

Definition 7.2. Let p G Diffpi(C^, 0) with A^ > 1. Fix a convergent normal form 
X oi p and a basic set B. We define j/e(A^) S NU {0} as the integer such that A^p 
(see Definition 12. 6p is of the form x^'^^^'<'^ g{x^t) in the adapted coordinates {x,t) 
associated to B where 5(0, t) ^ 0. 

The next propositions provide the tracking properties for basic sets. 

Proposition 7.1. Let p S Diffpi(C^,0) with N > 1. Fix a convergent normal 
form X of p. Let f3 be a germ of connected set at E C Consider an exterior set 
E = {{x,t) e -8(0,(5) X C : ry > |t| > p|a;|}. Let v = v^{l\^^) - e{£) (see Definitions 
WM rO)) . Fix a closed set 5 C \ U^'^ (see Definition \lU\) . There exists ^ > 
such that the properties exp([0, j]A)(a;, ti) C ^x£(i^,5)S^{x) for some j G NU {0} 
and {x,t2) E Bx{{x,ti),\) imply 

(6) l^jf o(^^+i(x,i2)-^xo4+i(x,ti)| < \^x{xM)-^x[xM)\+^\x\r 
Moreover we can choose ^ > as small as desired by considering a small rj > 0. 
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Proof. We denote 

We have G — J2k=a ^vi^^H^jh))- We obtain 

^ C'|a;|'^f ^ / |^|i/£(A^)--e(£) 



\G\< 



^ (mino<z<, +fc|x|«(«))2 Vmino<i<j IV'fl^^x, ti))| 



for some C G by Lemmas 15. II and 15.31 Since ipsix, t) ^ oo uniformly in E when 
?7 ^ we get Eq. □ 

Proposition 7.2. Let E Diffpi(C2,0) with N > 1. Fix a convergent normal 
form X of ip. Fix a compact-like basic set C. Let v = vc{^ip) — e(C). Fix B S M"^. 
There exists a constant C" > such that exp([0, C U^{x) HC for some 

X e B(0,(5), < j < and Q e Bx{P, 1) imply 

(7) \^x o ip^+\Q) - i,x o V+\P)\ < l^bxiQ) - ^x{P)\ + C'\xr. 

Proof. We denote 

G = i^Jx o ^'+\Q) - ^x o iJ^+i(P)) - i^xiQ) - 4'x{P)). 
We have G = X]i=o ^vi'^iQ))- "^^^ inequalities 

3 

\G\ < \x\''^^^^'^cY^ 1 < BCI^r'^^^^^-'^C^) 

fc=0 

lead us to Eq. d?]). □ 

Definition 7.3. Let X E Xpi{C'^,0) with > 1. Let /3 be a germ of connected 
set at e C. Consider a family of sub-trajectories : [0,T'(a;)] Uc{x) of 3?(X) 
defined for x E p. We say that the family is (A, B) bounded if 

• Fj. changes at most A times of basic set and 
. F,[j, j'] C C and < J < j' < r{x) =^ j' - j < B/lxl^"^^ 
for any compact-like set C and any x G /3. 

We compare orbits of tp and 5^,^ — exp(X) by analyzing the sub-orbits contained 
in the basic sets of the dynamical splitting. The first condition in Definition 17.31 is 
a natural finiteness property. The second property allows to apply Proposition 17.21 
to {Tr^[0,T'{x)]}.^^i^. They assure that the dynamics of ip and exp(X) are similar 
in a neighborhood of {Tx[0,T'{x)]}^^ij. 

Remark 7.1. It is clear that the trajectories of 5R(X) {N > 1) provided by Propo- 
sitions [62] and [HI] are {A, B) bounded for some values A,Be M+. Indeed all Long 
Trajectories are {A,B) bounded (Proposition [7?7|) . 

Let if e Diff*^(C2,0) with iV > 1. A posteriori the Long Orbits of ip are {A,B) 
bounded for some values A,Be M+ that do not depend on the Long Orbit. We 
introduce next these a priori bounds. 

Definition 7.4. Let X E A'pi(C2,0). Consider the dynamical splitting associated 
to X in Section [3] The number of boundary transversals (see Definition 16. 9p is 
bounded by a number Ax E N depending only on X. Let Cj be a compact- 
like set and Aq E S^. We define Bj^^^ as the maximum of the periods of the 
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closed trajectories of Xj{\Q) fPefinition I4.12|) . We define as the maximum 

of the values s E M+ such that exists a trajectory r[0,s] of 3?(Xj(Ao)) contained 
in Cj{0, Ao) and not contained in a closed trajectory of di{Xj{Xo)) in Cj(0, Aq). We 
define Bf = 1 + maxi<j<^ ^euj^ ^jx ^'^^ ^ ^ {Oj 1} ^^d B/r = max(i?^, B^). 

Remark 7.2. The polynomial vector fields associated to a convergent normal form 
X if & Diffpi(C^,0) only depend on (p. Thus the constant B/r depends only on 
if and the dynamical splitting F ■ 

Definition 7.5. Let ip e Diff pi(C'^, 0) with convergent normal form X. The num- 
ber Ax depends on p but not on X. We denote Ay, = Ax- We denote i?^ = ^Fx- 
Of course B^, depends on the choice of Fx (see Definition 13. 5p . 

Lemma 7.1. Let X E Xpi(C'^ ,0) with N > 1. Let l3 be a germ of connected set at 
G C. Consider a family of sub-trajectories {Tx[0,T'{x)]}^^ij of ^{X) such that 
lim^^-j.^ r2;(0) exists and it is not (0,0). Suppose that the family is {A, B) hounded. 
Then {Tx[0,T'{x)]}^^p is stable. 

A family {Tx[0,T'{x)]}^^p that is {A,B) bounded and stable satisfies the hy- 
potheses in Propositions 17.11 and 17.21 that guarantee tracking in basic sets. The 
lemma shows that the stability condition is superfluous. 

Proof. Suppose that it is not stable. There exists a sequence Xn S /3, a;„ — >■ such 
that rx^[0,T'{xn)] ^ 0, and a;„/|x„| tends to Aq S U^'^ for some non-parabohc 
exterior set £. The exterior set £ is enclosed by a compact-like set C. Let Xc{X) be 
the polynomial vector field associated to C. Since the point in (SingX O £){0, Xq) 
is indifferent for Xc{Xo) then F^;^ [0, r'(a;„)] adheres in (adapted coordinates) to all 
periodic trajectories in C(0, Aq) enclosing (Sing(X) )(0, Aq). Periodic trajectories 
in C never quit C. Thus the family does not satisfy the last condition in Definition 

[731 □ 

Definition 7.6. Let ip £ Diffpi(C^,0) with A'^ > 1. Fix a convergent normal 
form X of (f. Suppose that O is either a weak Long Trajectory {X,y+, (3,T) or 
a Long Orbit {(p,y+, (3,T). Consider F^ — r{X,vo{x),Ue) for x £ 13. A sub- 
family associated to O is a family of the form {Fa;[0, Ti(a;)]}^g^ for some function 
< Ti < T. If [0,T(x)] C I{r^) for any x £ (3 we say that {F^[0, r(a;)]}^g^ is the 
family associated to O 

In order to prove that a Long Orbit tracks its associated family it suffices to show 
that it is (A, B) bounded by Lemma 17.11 We briefly outline the proof. First we 
see that there is tracking for {A, B) bounded sub- families (Proposition 17. 3p . Then 
we prove that (A, B) boundness plus tracking implies that the families associated 
to Long Orbits satisfy a RoUe property (Proposition 17. 6p . Finally if the families 
associated to Long Orbits are not {A, B) bounded we construct (A, i3)-bounded 
subfamilies that do not satisfy the Rolle property, obtaining a contradiction. Along 
the way we obtain a formula for the length of Long Orbits (Propositions 17.51 and 

EHD. 

7.1. The residue formula for diffeomorphisms. In this section we show that 
Long Trajectories of a convergent normal form induce Long Orbits of a diffeomor- 
phism. We also obtain a generalization of the residue formula. 
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Proposition 7.3. Let (p e Diff *]^(C^, 0) with N > 1. Fix a convergent normal 
form X of if. Suppose that O is either a weak Long Trajectory (X, ?/_(., /3, T) or a 
Long Orbit ((^, /3, T). Then, up to trimming O, any (A, B) bounded sub-family 
{r^jp, Ti(x)]}^g^ of O satisfies that (see Definition \2.5\] 

for all < j < [ri(a;)] andx(z(i. Moreover, if {Vx[^,T{x)W^^p is {A, B) bounded 
and lim„_>.oo </5^^^^"^ (fe)(a;„)) converges to (0, for some sequence a;„ G (3 then 

[T{x„]-1 oo oo 

(8) A^(^^-(^o(x„)))-^A^(^^(0,y+))-^A^(^--'(0,y_)) 

i=0 3=0 j=l 

converges to when n — > oo see Definition [ 



The idea is that Long Orbits of elements of DifF*]^(C^, 0) have good tracking 
properties if their associated families are {A, B) bounded. The convergence to 
of the expression in Eq. ([5]) is key to generalize the residue formula for difFeomor- 
phisms. 

Remark 7.3. Let ip G Diff pi(C'^, 0). Consider a convergent normal form X of Lp. 
There exists e' > such that 



j>0 



< - and 
4 



1 

<4- 



for all (0, y-i-) in an attracting petal of '^{X)\u ,(o) and (0, in a repelling petal. 
From now on and up to trimming we suppose that Long Orbits are contained in 



Proof of Proposition \ 7. 3\ We have j/e(A;^) — e{B) > for any basic set B different 
than the first exterior set Eq. On the other hand we have lygglAip) — e{£o) = if 
TO = 0. Let us use the notations for families and sub-families in Definition 17.61 

Fix < ^ < 1/(4(A + 1)). The first exterior set is parabolic, so we can choose 
e" > such that Eq. ([6]) in Proposition 17. II holds for trajectories contained in 

£^{ix,y)eB{0,S)xC:e" >\y\>p\x\}. 

We claim that there exists A/' > such that r2;[M', min(ri(a;),T(a;) - M')] is 
contained in 11^" for any x £ /3. This is obvious if C is a weak Long Trajectory. 
Let us prove it for Long Orbits. We choose M' G N satisfying that 
(9) {<^*^'(^;(x)),...,^rT(.)l-M'(^(^))| ^ 

for some e > such that U2gB(o,2)Cxp(zX)([/g) C Ue"- If the property does not 
hold true we define 

T2{x) = mm{s G [Af, min(Ti(a;), T(x) - Af')] : r,(s) ^ C/e"}; 

it is well-defined for a sequence Xn G l3, Xn ~> 0. The family {Tj:[0,T2{x)]}^^i^ is 
stable by Lemma mi Propositions 17. II and 17.21 implv that 

|^x((^[^^(-'.)l(uo(x„))) - Vx(exp([r2(a;„)]X)(i;o(x„)))| <^+A^<l for n » 0. 

The left hand side of the previous equation is greater than 2 — 1 1 by Eq. (j9]) 
and the choice of T2. We obtain a contradiction. 
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The family {r^p, Ti(x)]}^g^ is stable by Lemma FTTl Propositions lO and lO 
imply 

\i^x{v'{vo{x))) - ^x{%{vo{m\ <\ + \+A^<^ 
for all < j < [Ti(a;)] and a; € /3 in a neighborhood of 0. 

Suppose that {r^[0, T{x)]}^^p is {A, B) bounded and hm„_j.oo {vo{xn)) = 

(0,y_). We denote by G(x„) the expression in Eq. dH]). We define 

oo oo 

Go = ^ A^(^^ (0, y+ j) and Gi - ^ A^(^-^ (0, y_)). 

We have 

G{xn) = {y{xn))) " V'x (exp( [T(x„)l X) (w (a;„ ) ) ) - Go - d 

GivenO<^< l/(4(yl + 1)) PropositionsO and O imply \G{x„)\ < o{l) + for 
n » 1. We deduce that lim„_i.oo G(a;„) = 0. □ 

The next proposition is the analogue of Remark |6. II for Long Orbits. The non- 
existence of Long Orbits is a generic phenomenon in the parameter space. 

Proposition 7.4. Let (p e Diff*]^(C^,0) with N > 1. Fix a convergent normal 
form X of if. Consider a Long Orbit O — {ip,y+, l3,T) such that So is compact. 
Then j3 adheres a unique direction in Ux- 

Proof. Fix Ao € S"'^ \ Uj^ ■ Consider a compact connected small neighborhood K 
of Ao in §^ \ Ujr and {3 = {0,6)K. Up to trimming the Long Orbit we can 
suppose that {0,y+) is in an attracting petal of 3fi(X)|[/^(o). Fix the dynamical 
splitting F K provided by Lemma 14.61 Thus given e" > there exists M G N 
such that ^^^{x,y+) G Ue" for aU j > M and x € (i close to 0. Corollary 
14.31 implies lim„_).oo ?/+) G Fix(iy9) for any x <E P close to 0. Consider any 

family of sub-trajectories P^: : [0,T'(x)] — >■ C/e(x) of '^{X) defined for a; g /3 
and such that lim^^^ x^o^^^^) ~ (Oj2/+)- Lemma [4.61 implies that {Pxl^^g^ is 
{A, 1 -I- maxi<j<q Xf^) bounded for some A e R+ that depends only on X (see 
Definition 17. 4p . We can proceed as in the proof of Proposition 17.31 to show that 
(p'{vo{x)) e Bx{V^{vo{x)), 1) for all j > and x G /3. We deduce that ^ n/3 does 
not contain any point in the neighborhood of 0. Hence /?7r H ({0} x S-'^) is a singleton 
since it is a connected set contained in {0} x U^- ^ 

The residue formula ([5]) for Long Trajectories of 5R(X) with X £ A'pi(C^,0) 
involves Fatou coordinates ■0-1- and ip- of X. In order to obtain a generalization 
for Long Orbits of (/? G Diffpi(C^, 0) it is natural to replace the previous functions 
with Fatou coordinates of 'p\x=Q- 

Definition 7.7. Let ip G Diff*]^(C^,0) with > 1. Fix a convergent normal form 
X of ip. Consider an attracting petal V'^ and a repelling petal VL of p\x=o- We 
define 

oo oo 

V^;, (0, y) = ^+{0, y)+Y, ^^{^ (0, y)), (0, y) = ^- (0, y) - ^ A^((^-^-(0, y)) 

^ 3=0 J=l 

in V'j^ and VL respectively where V'-i-, "0- are Fatou coordinates of X . The function 
ip'^, is a Fatou coordinates of ipyp', , i.e ■0-p' o ^ = ijji^, + 1 for j G — }. 
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We introduce the main result of this section. 

Proposition 7.5. Let ip E DifF*]^(C^, 0) with N > 1. Fix a convergent nor- 
mal form X of If. Suppose that O — {X,y^^l3^T) is a weak Long Trajectory 
and that {T^P, T(2;)]}^g^ is [A^B) hounded. Suppose that, up to trimming O, 

Lp^'^'^^"'^^ (vo{xn)) converges to (0,?/_) 7^ (0,0) for some sequence Xn E f3, Xn ^ 0. 
Then we obtain 



(10) V;^(0,j/_)-7^^, (0,y+) 



lim i \T{xn)] +2ni V ResiX,Q)\ 



where {E^,Ej^) is the division o/Sing(X) induced by O. Suppose now that O is a 
Long Trajectory. Then O' = ((/?, /3, T) is a Long Orbit. Moreover, O' satisfies 
So' — So and 

\T(x)']-T(x)^s I 

V-p' (X0'(s + «^^))-^^' (0,2/+) = _lim \\T{x)\+2tii V Res{X,Q) 

for any s + m G [0, 1] + iSo' ■ In particular we get 'ip^, {xo'{z)) — V'-p' (xo'(O)) + z 
for any z G [0, 1] + iSo' ■ 

Let us remark that (0,?/+) belongs to an attractive petal V'^ and all possible 
limits of sequences of the form (^rT(a;„)] (vQ{xn)) are contained in a repelling petal 
V'_ of (p|c/.(o). 

The family associated to a weak Long Trajectory is always {^A^,B^p) bounded. 
A direct proof is not difficult and it is also a consequence of Proposition 17.71 The 
corresponding hypothesis in Proposition 17.51 is a posteriori unnecessary. Long Tra- 
jectories of ^{X) always induce Long Orbits of ip. 

Proof. Denote v^(x) — exp(T(x)X)(i;e)(a;)). By defining ?/;_|_ and as in Subsec- 
tion |6lT] we obtain 



(11) T(x)^^^(v^{x))-^+{vo{x))-2-Ki ^ i?es(X,Q) Vx G /3 

for some division (_E_, £'+) of Sing(X). Denote G{x) = —l-ni J2QeE^(x) Rgs{X, Q). 
We want to express T as a function of data depending on Lp. Since 

\T{x)^-l 

V-- o ^rT(.)l (^^(^)) _ ^_ „ exp(rr(a:)lX)(i;o(x)) = ^ /\^{p^ {vo{x))) 

3=0 

(see Definition 12. 6p we obtain 

rr(x)l = V- ° ^^^'"^^ (voix)) - ^vi^i^oix))) - i^+{vo{x)) + G{x) 

j=o 

for any x E (3. We obtain (^^^(2;)] (^;^(2;)) ^ Bxi'S'^J''^^^'^ (vo{x)), 1) by the tracking 
phenomenon. Thus any ip^'^'^^"-^^ {vo{xn)) has a convergent subsequence. Suppose 
that ip^'^'^^"^^'^ (vo{xn)) converges to (0,?/_) 7^ (0,0). Proposition 17.31 implies Eq. 
(ITOl). see Definition FTfl 
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Suppose that O is a Long Trajectory. We have 

\T(x)^-T(x) 

lini 



lini I \T{x)-\ + 2tti V i?es(X, Q) I - ^_(xo(*«)) - ^+(0, y+) + s 



for ah s e [0, 1] and u G So- We obtam 

(12) V;^(xo'(s + - ^;^(0,2/+) = V-(xoM) - V+(0,y+) + s. 

by Eq. (jlOp since -0^' is injective VL- Moreover xo' satisfies 

(xo'(^))-V';^(xo'(0))-2 

for any z £ [0, 1] +iSo'- We deduce xo'(l + iu) — ip(xo'{iu)) for any u £ Sc ■ Q 

Remark 7.4. The Long Trajectories provided in Propositions l6.2l and l6.3l are (A, i?) 
bounded. Thus given Lp e Diff * (C^ , 0) with > 1 and a point (0, y+) contained 
in an attracting petal of ^p\x=q there exists a Long Orbit (1^9, /3, T). 

7.2. The Rolle property. Let ip £ Diff*i(C2,0) with iV > 1 and let X be a 
convergent normal form. Long Trajectories of 'R{X) induce Long Orbits of Lp 
but the reciprocal is not clear. If Lp{x,y) = {x,f{x,y)) is multi-parabolic, i.e. 
if {d f / dy)\Yiyi(ip) = 1 ths situation is much simpler. Indeed trajectories of 3fi(X) 
satisfy the Rolle property, i.e. they do not intersect twice connected transversals 
(Proposition 2.1.1 of [24]). In particular '^{X) has no closed trajectories. We de- 
duce that any family of trajectories of ^{X) is {A^^B^p) bounded. This situation 
is quite special and corresponds to the case when orbits of always track orbits of 
In the general case the Rolle property still holds true for families associated to 
Long Orbits. 

Definition 7.8. Let ip £ Diff *]^(C^, 0) with N > 1. Fix a convergent normal form 
X of tp. Suppose that O = {(p,y+, f3,T) generates a Long Orbit. We say that a 
sub-family {Tx[0,Ti{x)]}^^p of O satisfies the Rolle property if there is no choice 
of a sequence a;„ € /3, x„ — > such that 

• There exist < T2{xn) < T^lxn) < Ti(x„) for any n € N such that 
lim„_> (r,(x„)) = (0,0)forje{2,3}. 

• There exists a trajectory 7„ : [0,r4(a::„)] — U^{xn) of ^{iX) or ^{—iX) 
such that 7„(0) = r^„(T2(a;„)) and 7„(r4(a;„)) = r^^iT^ixn)) for any 
n£N. 

• Given any e" > there exists no £ N such that 7„[0, T4{xn)] C Ue" for any 
n > riQ. 

We can always suppose that L^;^ [T2(a;„), r3(a;„)] U 7„[0, T4(a;„)] is a closed simple 
curve by changing slightly the trajectories. We denote by £>„ the bounded compo- 
nent of ({a:„} X C)\(r,„[T2(2;„),T3(2;„)]U7„[0,r4(2;„)]). We define gap„ = Ti{xn). 

We prove that families associated to Long Orbits are {A, B) bounded by reductio 
ad absurdum. More precisely we construct sub-families that are {A^ B) bounded 
and fail to satisfy the Rolle property. This contradicts the next proposition. 

Proposition 7.6. Let ip £ Diff*]^(C^,0) with N > 1. Fix a convergent normal 
form X of ip. Suppose that O = {ip,y+, P,T) generates a Long Orbit. Suppose 
that So is a compact set. Then, up to trimming O, any [A^ B) hounded sub-family 
{ra,[0, ri(a::)]}^g^ of O satisfies the Rolle property. 
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Proof. Suppose that the Rolle property is not satisfied. The set xo([0,l] + iSo) 
is compact and it does not contain (0,0). The first condition in Definition 17.81 and 
Proposition 17.31 imply that lim„^.oo 72 (x„) = lim„_>.oo(r — r3)(a;„) = oo and that 
^x„[T2{xn),T3{xn)] convcrges to {(0,0)} in the Hausdorff topology for compact 
sets. Hence converges to {(0,0)} by the last condition in Definition 17.81 

If 5ft(X) points towards I?„ at 7,i(0, T^^Xn)) then Z?„ is invariant by the positive 
flow of di{X). Otherwise £>„ is invariant by the negative flow of di{X). We claim 
that we are always in the former situation for n >> 0. Otherwise Tx^{0) € Dn for 
a subsequence and we obtain a contradiction since 

(0,y+) = lim voixn) = hm r,„(0) = (0,0) 

and y+ ^ 0. The last equality is a consequence of lim„_>.oo Dn = {(0,0)}. 

Consider a subsequence such that gap„ < K' for some K' G K"*". Let us prove 
that lim„_>.oo (Ts ~ T2)(xn) = oo. The vector field X\x=o has a multiple singular 
point at (0,0). Thus the diffeomorphism {z,x,y) (z, exp(zX)(x, y)) defined 
in a neighborhood of C x {(0,0)} is of the form {z,x,y + zu{z,x,y)X{y)) where 
u(z,0,0) = 1. Hence given C £ there exists a neighborhood W of (0,0) in 
such that z i-^ exp{zX){x, y) is injective in B(0, C) for any (x, y) € \Sing(X). If 
a subsequence satisfies gap„ < K' and (Ts — T2){xn) < K" then dDn and Dn are 
contained in Bx{Tx„ {T2{xn)), K' + K" + 1) where clearly trajectories of ^{X) can 
not intersect twice trajectories of ^{iX). We obtain lim„_j.oo(73 — T2){xn) = oo. 
We have 

5P^3(.„)-T.(.„)](^^(^^)) = exp{[T3{xnyT2{xn)]X){vo{xn)) e Bx{vo{xn),K'+l). 
The tracking phenomenon (Proposition 1 7 . 3| l implies that 

Since lim„^oo(73 - 72)(a;„) ^ lim„^oo T{xn) - (T3 - T2){xn) = 00 and O is a Long 
Orbit we have lim„^oo '^^'^'^''"^"^'^''"^'(^^^(a;™)) = (0,0). This leads us to 

lim ;?P^^("")-^^("")l(i;o(2;„)) = (0,0) and (0,?;+) = lim vo{xn) = (0,0). 

n—foo ^ n—foo 

The last property contradicts y^ ^ 0. 

Resuming D„ is invariant by the positive flow of 5R(X) and lim„_>.oo gap„ = 00. 
Let us suppose that gap„ > 4 for any n e N. Our goal is proving that there 
exists s„ e N such that (p^{Bx(D^A)) C Bx(D^,2) and (p^"(Bx(i5^, 1)) C £»„ 
for < j < Sn and n >> 0. Consider the segment 

77„ = r(zX,r,„(T3(a;„)),C/e)(-gap„ + l,gap„ - 1). 

It satisfies exp{sX){rjn) C Dn for all s E M.'^ and n G N. We define 

Dn = UsgR+exp(sX)(r/„), = _Bx(ra;„ [T2(a;„), T3(a;„)], c). 

If Q e 4 there exists s e [T2ixn),T3{xn)] such that Q £ BxiTx^{s),2). The 
tracking phenomenon implies that tp^'^^^^"-^^'^^^^ (Q) e £)„. 

If Q e Bx(d7i, l)\(i)nU4) then Q is of the form exp(sX)(go) where s € [-1,0] 
and Qo belongs to ^,i[\/3,Ti{xn) — V^]. We obtain that (p^{Q) belongs to Dn- It 
suffices to prove that (p^ is well-defined in £>„ and if^{Dn) C Dn for all j >Q and 
n e N. We can define s„ = [T3(a;„) - T2(a;„)] + 4. 

Suppose that ip^Q) ^ Dn for some Q G Dn and j e N. We can assume 
that (fi'^iQ) e Dn for < fc < j. We obtain that (p^{Q) £ Bx(-D„,e„) where 
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lini„_>.oo En — 0. We claim that ip-'{Q) G in ', otherwise we obtain ip^ ^(Q) ^ Dn- 
The point (p^ {Q) belongs to Bx{T^Js), 1/2) for some s e [T2(a;„), r3(x„)]. The 
tracking phenomenon implies that there exists < j' < [s — T2{x)] + 2 such that 
ip~^[Lp^ [Q)) € tf/*^ for < fc < j' and Lp~^ {(p^{Q)) ^ This is impossible since 

It is clear that contracts the Poincare metric in D„. Thus (^^^" converges 
uniformly to a point P„ in The point P„ is an attractor for (p*" and 

then for ip. The orbit {</?-' is contained in Bx{Dn, 2) for any Q G Bx{Dn, 1) 
and limj^co ^HQ) = The point (prT2(x„)l (^^(a;^)) belongs to Bx(D^„ 1). We 
deduce that [v(^(^Xn)) belongs to Bx{Dn, 2) for n » 0. This implies that 

there exists z e [0,1] + iSo such that xo{z) — (0,0). This property contradicts 
Definition lOl □ 

Let us remark that the analogue for Long Trajectories admits a much simpler 
proof. It is a version of the proof of the case gap„ -/^ 0. Indeed this condition 
guarantees that the attracting nature of D„ is stable under small deformations. 

Proposition 7.7. Let p £ DifF*]^(C^, 0) with N > 1. Fix a convergent normal 
form X of ip. Suppose that O — {ip,y+, P,T) generates a Long Orbit. Then, up to 
trimming O, the family {Tx[0,T{x)]}^^i^ of O is {A^,B^) bounded (see Definition 
|7.5p where j3 is a subset of 13 such that O — {ip, y+, /3, T) satisfies S,^ — So- 

The proposition implies that the {A, B) boundncss condition is automatic for 
Long Orbits. Let us explain the setup of the proof. 

A priori all the trajectories in the family {Fjjj^g^ are labeled (a). Wc want to 
have 

(13) p^{vo{x))(.Bx{V^{vo{x))A) 

for any < j < [T(a;)]. Suppose that the property does not hold true for some 
X e p. Then we replace T{x) with Ti{x) < T{x) such that Eq. holds true for 
< j < [ri(x)] but it is false for j = [ri(a;)] . In such a case the label (a) for 
is replaced with (b). Otherwise we define Ti{x) = T{x). 

Given a trajectory [0, Ti (x)] we keep the label if [0, Ti {x)] does not intersect 
twice a boundary transversal (see Definition l6.9p . Otherwise we replace the previous 
label with (c). We also replace Ti{x) with a smaller or equal value such that 
r^[0,Ti(a;)] intersects twice a boundary transversal 7 but r^[0,Ti(a;)) does not. 
The curve 7 is contained in the exterior boundary of a basic set B Eq. It is easy 
to consider T{{x) such that r:c[0, T{(a;)] intersects twice a sub-trajectory of ^{iX) 
contained in B (passing through a point in TBix{x)) and either T[{x) < Ti{x) 
or T{{x) > Ti{x) and T4Ti{x),T{{x)] is contained in B (see Figure Q). The 
trajectories F2,[0, Ti{x)] and Tx[0, T[{x)] change of basic set a number of times that 
is bounded a priori. 

We replace the label if there exists a compact-like set C , a sequence Xn & /5, 
Xn — ^ and sequences < jn < .]„ ^ Ti{xn) such that 

(14) F,„ [j„, j:J C C, and \xn\<^'\f„ - j„) > i?^ Vn e N. 

We can refine the sequence and consider a smaller value oi Ti, Ti < T2 < T and a 
compact-like basic set C such that 

Fx„(Ti(a;„)) e dC, r,„[ri(a;„)),T2(x„))] C C, Ixn^^^'' - Ti){xn) > B^ 
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Figure 3. The trajectories of ^{X) and ^{iX) are solid and 
dashed thin curves respectively; the boundary of S is a thick curve 



for any n G N and there is no choice of subsequences jn, j'n and a compact-like set 
C such that Eq. (fT4|) holds true. We replace the previous label with (d) for the 
parameters in the sequence Xn- 

Proof. Let us prove that the labels (b), (c) and (d) never happen if Sq is compact. 
The set /3 adheres a unique direction Aq in U]^ (Proposition 17.41) . Let us remark 
that Ti{x) < T{x) and T2{x) < T{x) for any x € p. 

Suppose that we are in the situation (d). The family {Tx„[0,Ti{xn)Wn&-i 
{A^p, B^p) bounded by the previous construction. The sequence Xn/\xn \ tends to Aq. 
We can also suppose that rx^{Ti{xn)) converges to a point (0,wo) in the adapted 
coordinates (x, w) of C up to consider a subsequence. Let Xc{X) be the polynomial 
vector field associated to C Since ^ Xc{Xo) in C if a; ^ and x/\x\ Xq 

the condition |a:„|^*-''^ (T2 — Ti){xn) > for any n gN implies that the trajectory 
r of ^{Xc{Xo)) through (r, A, w) = (0, Aq, wq) in C is closed. The period of F is less 
or equal than B^ — 1. We can replace T2{xn) with Ti{xn) + B^/\xn\'^'^'^\ It is clear 
that T.j;„ [0, T2{xn)] is {A^,Bip) bounded and does not satisfy the RoUe property for 
n >> since it adheres a periodic trajectory. This contradicts Proposition 17.61 

Suppose that we are in the situation (c), i.e. the set E of parameters in /3 having 
the label (c) adheres 0. The families {T40.Ti{x)]}^^e and {Tx[0,T{{x)]}^^e are 
{A^ + 1,B^) bounded by construction. If the set {x £ E : T{{x) < T{x)} adheres 
then we obtain a violation of the Rolle property (Proposition 17. 6p . Otherwise we 
have Ti{x) < T{x) < Tl{x) for any a; S /3. The tracking phenomenon (Proposition 
17. 3p implies that t/?^"^*-^"-'^ (uo(a;„)) tends to (0,0). This contradicts the definition 
of Long Orbit. 

Suppose that we are in the situation (b) , i.e. the set E of parameters in /? having 
the label (b) adheres 0. The family {^x[Q,Ti{x)]}^^^ is {A^, B^) bounded by con- 
struction. This setup is incompatible with the tracking phenomenon (Proposition 

We can suppose that every point a; G /3 has the label (a). As a consequence the 
family associated to O is {A^,B^) bounded. 
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Consider the general case, i.e. So is not necessarily compact. Let /3„ be a 
neighborhood of in ■d'Q^[—n,n] such that {rx[0,T{x)]}^j.^^^ is {A^,B^) bounded 
for n e N. The family {r^[0, T{x)]}^^^ is {A^,B^) bounded for /3 = □ 

Next we provide the generalization of the residue formula in the discrete case. 

Proposition 7.8. Let ip g Diff *]^(C^, 0) with N > 1. Fix a convergent normal form 
X of (p. Suppose that O = ((yS, y+, /3, T) is a Long Orbit. Then, up to trimming O, 
Xo satisfies 



V-^' (xo(s + z7/))-^;, (0,2/+) = hm {\T{x)-]+2m Y] Res{X,Q) 



2£E^{x) 



for any s + iu€ [0, 1] +iSo where {E_,E^) is the division o/Fix((p) induced by O. 

The concept of division of the fixed points induced by a Long Orbit is introduced 
during the proof. 

Proof. The family {F^p, T{x)]}^^i^ associated to O is {A^p, B^p) bounded by Propo- 
sition [7771 The tracking phenomenon fProposition 17.31) implies that {X,y^, f3,T) is 
a weak Long Trajectory. Hence it induces a division (i?_ , E^) of Fix{(p) = Sing(X); 
it is the division induced by O. We complete the proof by applying Eq. ([TU)) in 
Proposition [731 D 

Long Orbits are invariant under translations in Fatou coordinates. 

Proposition 7.9. Let (p £ Diff *]^(C^, 0) with N > 1. Fix a convergent normal 
form X of if. Suppose that O = {ip,y+, I3,T) is a Long Orbit. Let V'^ and VL be 
the petals of ip\x=o containing y^ and XC'(O) respectively. Consider y'^ G such 
that there exists x' ■ [0, 1] + iSo ^ VL satisfying 

V-;^ (x'(^)) - V-^; (0, y'+) = V-;^ ixoiz)) - V^;^ (0, y+) 

for any z £ [0, 1] + iSo . Then O' — {kp, y^, /3, T) generates a Long Orbit such that 
XO' = x'- 

A consequence of the proposition is that a topological conjugacy a between 
(p,r] £ Diff * ]^ (C^ , 0) with N > 1 conjugates translations in Fatou coordinates of 
(p\x=o and r]\x=o. We will see that a\x=o is afhne in Fatou coordinates (Corollary 



Proof. Let {E_,E^) be the division of Sing(X) induced by O. The family associ- 
ated to O is {A^,B^) bounded by Proposition !?.?! Consider F^ = T{X, (x, y'_^_), U^) 
for x £ (3. We deduce that the family {F^[0, T(x)]}^g^ is also {A, B) bounded. It 
is a weak Long Trajectory by the tracking phenomenon. The trajectories in the 
family {Fa;[0, T(x)]}^g^ induce the division (£^_,i?+). We can apply the residue 
formula. 

Consider C = {ip,y'_^, l3,T). We have 

^T(x)]—T(x)—fs I 

i^i^, {xo{s + iu))-^^,{0,y+)= hm \\T{x)-]+27n V Res{X,Q) 

^O^-^^^^ \ Q^_(x) 
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for any s + m e [0,1] + iSo (Proposition I7.8p . Equation (fTO]) in Proposition 17.51 
and the definition of imply 

ixo'is + iu))-^:^, (0,2/V) = \T{x)] + 2'Ki V Res{X,Q) 

for any s + m G [0, 1] + iSo and = x'. □ 



8. Topological conjugacies in the generic case 

We present some consequences of the existence of Long Orbits and their proper- 
ties for elements of Diff *j(C^, 0) with TV > 1. We are interested in the study of the 
rigidity properties of topological conjugacies at the unperturbed line a; = 0. More 
precisely we want to describe the behavior of (J\x=q where ct is a homeomorphism 
conjugating ip,T] G DifF*j^(C^, 0) with N > 1. Let us remark that we always con- 
sider that the topological conjugation a preserves the fibration dx — 0. In other 
words a is of the form a{x,y) = {aQ{x),ai{x,y)). The dynamics of can be very 
rich, containing for instance small divisors phenomena. It is then natural to think 
that conjugating all the dynamics of 77 for the lines x = cte should impose heavy 
restrictions on the conjugacy at a; = 0. We prove that cryx^o is affine in Fatou 
coordinates and generically holomorphic or anti-holomorphic. 

8.1. Afflne conjugacies. In the next proposition we analyze the behavior of topo- 
logical conjugacies in a petal of the unperturbed line x = Q. 

Proposition 8.1. Let (fi,!] G Diff *]^(C^, 0) with N > 1 such that there exists a 
homeomorphism a satisfying aoip — rjoa. Consider a petalV' oftp^x^Q. Let '<P]l(j>i-^ 
be a Fatou coordinate of rj in the petal a{'P'). Then the function 

^V'{y,z) = ocroexp(zX^,) - V-'^cp.) ocr)(0,y) 

(see Definition \2. 16\) does not depend on y CzV . 

The mapping a conjugates the translations ip + z and tp + i)-p> (z) in Fatou co- 
ordinates of ip\-p/ and 77|cr(-p') respectively. Moreover the proof of the proposition 
provides an expression for i)-p>(z). 

Proof. The function ()-p' satisfies 

i)v'MO,y),z) = i}v'_iy,z) and l)-p'{y, z + 1) = }:)-p'{y, z) + 1. 

In particular it suffices to prove the proposition for z E [0, 1) + iM. and y^ e V' such 
that exp(zX^,)(0, y^) E T" for any z e [0, 1] + iR. 

It suffices to prove the result when V' = V'_ is a repelling petal. Otherwise V' 
is a repelling petal of Lp~^ and a conjugates Lp~^ and rj~^ . Consider e > small 
enough. In particular cr{U() is contained in Ui for a small e > 0. Let X, Y be 
convergent normal forms of (p and rj respectively. 

By Proposition 16 .31 there exists an attracting petal 7^+ of 5R(X)|y^(o-| and a Long 
Trajectory O = {X,y+,l3,T) such that 5o = R and xo(*K) C V-. Consider 
y'_^ E 'P\_ such that 

(0, y^) - (0, y'^) = V_ (xo(0)) - V^+(0, y+). 
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Such a choice is possible by replacing T with T — j and (0,y+) with 5^^(0,?/+) for 
some j G N if necessary. Consider the Long Orbit O' — {(p, y+, T). We have 

^^._{X0'{z)) - ^;^(0,2/+) = V-(xo(0)) - V^+(0,2/+) + z 

by Proposition O (see Eq. ^). Proposition FTQI implies that O" = {ip,y'_^, I3,T) 
is a Long Orbit such that xo"{z) — exp(zXp,)(0, j/^) for any z e [0, 1] + iR. 

We define (0,y+) = cr(0,y+) and O = (r?, cr(/3), T o ct^^). It is clear that O 
is a Long Orbit such that Xo = cr ° Xo"- Up to trimming (Y, (t(/3), T o cr^^) 
generates a weak Long Trajectory. Hence (1", ?/+, cr(/3), T o a^^) induces a division 
(^_,^+) of Sing(r). 

Fix z = s + iu € [0, 1) + iM. We consider the sequence {x^} contained in 
such that T{x^) = n — s. It is defined for n >> 0. We have 



(15) Jun I ixo" (z)) - V';; (0, y'+)-n- 2tti ^ Res{X, Q) 







and 

(16) Jun (V:(^,)(a(xo"(2)))-^^(p;)(0,y+)-n-2^j ^ i?es(r,Q))=0 

Qe£;_((T(K^)) 

by Proposition [TjH Denote L — tpi^, (0, y^) + t/i^^^, -j (0, y+) — ^Ap' (0,2/+) and 
= 27ri I ^ i?es(r, Q) - ^ i?es(X, Q) 

\Qe£_(o-(2:i)) Qe-E-(2:ji) 

By subtracting Eqs. ([T6| and (fTSj) we get 

(17) )(a(exp(zX^, )(0, y^))) = z + i + lim GJ; 
and then 

V'V)(^(exp(2^^')(0,2/')))-^V)(^(0'J'')) = ^+ 1™ 1™ 

Let us remark that we replace T with T — j for some j G N during the proof. The 
sequence x^ that we associate to T — j satisfies x^j_^ = a;^. Thus the right hand 
side of Eq. (|17l) does not change through the process. Clearly it does not depend 
on y^. □ 



Proposition 8.2. Consider the setting of Proposition FOl Then i)-p_ : C — > C is 
a R-linear isomorphism such that f)-p'(l) = 1. 

Proof. We have 

t)-p/(zi + Z2) = ()-p'(exp(z2^-pO(0,2/),2i) + l)v'{y,Z2) = fl-p'(2;i) + f)-p'(z2) 

for any zi, Z2 G C. Since f)-p/ is continuous by definition then f)-p/ is R-linear. The 
function f)-p/ is injective in a neighborhood of 0, hence f)-p' is an isomorphism. The 
condition ijv'i^) = 1 is obvious. □ 



Remark 8.1. Consider the setting of Proposition 18. II Proposition 18.21 implies that 
f)-P'(s) — s for all petal V of (/9|j,=o and s g R. As a consequence a conjugates the 
real fiows of Xip, and X^^^^,y 
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So far we proved that V'^j-p/-) o a o [ij]'^,) ^ is affine for any petal V' of ip\x=o- 
Next we show that these mappings do not depend on the petal. 

Lemma 8.1. Let ip,ri ^ DifF*j^(C^, 0) with N > 1 such that there exists a home- 
omorphism a satisfying a o = rj o a. Then l}-p> = 1)q> for all petals V' , Q! of 

Proof. It suffices to prove the lemma for consecutive petals V'^ and VL of f\x=o- 
Let X, Y he convergent normal forms of (p and rj respectively. Consider Fatou 
coordinates V', V' of X, y defined in the neighborhood of T"^ U T"_ and o-{V'^ U T"_) 
respectively. We have 

lim ^|A^(v.^(0,2/))|=0, Jim ^ |A„(7y^"(0, y))| = 0, 

|/m(^(0,y))Koo^ |/m(^/.(0,a))Koo-^ 

see Definition 12.61 The first limit is calculated for y S 'P'_^_ U V'_ whereas the 
second limit is calculated for y S <j{V'j_ U V'_)- The condition \lm{'tp{0, y))\ — >■ oo is 
equivalent to the orbit {f-' {0,y)}jfzz tending uniformly to the origin. The proof of 
the previous equations are analogous to the proof of Proposition 17.11 We obtain 



(18) hm (^;, - V)(0,2/) = 0, Jim - ^)iO,y) = 
for k e {+, — }. We also get 

(19) lim (V.;, -^;,)(0,y)= Jim (V^^^^, ^ )(0, y) = 0. 

Consider a sequence ?/„ in 'P'_^^ n VL such that |/to('0(O, j/„))| oo. Fix z G C 
We have \Im{ilj{exp{zX!p,){0,yn)))\ -> oo by Eq. (fTS]). Let z„ be the complex 
number such that exp{zX!^, )(0, j/„) = exp(z„Xp, )(0, y„). The sequence z„ satisfies 

lim„_>.oo 2:„ = 2: by Eq. We have 

f3-P^(2) = (V'^CP^) o cr oexp(zX.^^) - V'^(p^) o cr)(0,?/„) 

and 

[)-p;(2n) = (^^(-p;) o a o exp{z,iX!^,^) - i^l^j,,^-^ o CT)(0,y„). 
Equation (jl9p implies lim„_j.oo(f)-p' (z) — f)-p^(z„)) = 0. Since lim„_>.co z„ = z and 
^-p'j_ is continuous we obtain f)-p' (z) = f)-p^ (z) for any z G C. □ 

Definition 8.1. Let (p,ri G Diff * (C^ , 0) with > 1 such that there exists a 
homeomorphism a satisfying aoip = rjoa. We denote by ^ip,ri,a any of the functions 
f)-p/ defined in Proposition 18. II We denote f) = f)i^,,,,cr if the data are implicit. 

Definition 8.2. Let (p,ri £ Diffpi(C^, 0) such that a homeomorphism a conjugates 
if and 77. The mapping a is of the form a{x,y) = {aQ{x),ai{x,y)). We say that 
the action of a on the parameter space is holomorphic (resp. anti-holomorphic, 
orientation-preserving) if (Tq is holomorphic (resp. anti-holomorphic, orientation- 
preserving). 

The orientation properties of the restriction of the conjugation to x = and of 
its action on the parameter space are the same. 

Lemma 8.2. Let ip,ri £ Diff*]^(C^,0) with N > 1 such that there exists a homeo- 
morphism a satisfying a o ip ^ rj o a. Then the isomorphism ^ip^n,cr is orientation- 
preserving if and only if the action of a on the parameter space is orientation- 
preserving. 
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Proof. Suppose that a does not preserve orientation in the parameter space. We 
denote 

({x,y) = {x,y), ri = Cor]o( anda = Coa 

where x is the complex conjugation. The diffeomorphism fj belongs to Diffpi(C^, 0) 
and aoif = fjoa. The action of a on the parameter space is orientation-preserving. 
We have 

^(/3,7y,(T (■2') ^t/:,77,(7 (^) 

for any z £ C. Therefore it suffices to prove that if the action of cr in the parameter 
space is orientation-preserving so is [} = i)ip,7j.a- 

Fix a repelling petal V' = V'_- Consider the notations in Proposition 18.11 We 
define 

GQ{x)^~2m ^ i?es(X, Q) and G(x) = -27ni ^ Res{Y,Q). 
We have 

€(P')(XoW)"€(P')(0,y+)= lim ^ mx)]-G{x)) 



for any z = s + iu ^ [0, 1] + zM by Proposition 17.81 Since [)|r = Id, Xo = f o xo" 



and ■(/'■p' ixo"{z)) — ipZ, (xo"(0)) = z we deduce that 



(20) lim Im{G{x)) = c„ and lim Re{G{x)) = co. 

x£«'Z^{u), a:-fO xe{)J-{u), x^O 

where c„ = —Im{%lj^^^j,, ^ (o'(xo" — "^^(v' ){^iy+))- The function G is mero- 
morphic (Proposition 5.2 of [H]) and has a pole of order greater than 0. Every 
curve 'd~^{u) adheres to the same direction in the parameter space (Proposition 
WM. We obtain 



lim Im[G{x)) — lim Im{G{x)) — ~Im(\){iu)) 

x<£^Z^{u), x^O a;eiJg^(0), x^O 

for any u G M. 

Consider the connected curve t„ such that i„ adheres to the same direction as 
^~^\0) and 

iuC{xe B{0, S) \ {0} : Im{G{x)) = c,.} 
We have lima;gi^, ^-^o Re{G{x)) ~ oo for any u e M. The curves (see Eq. ([5])) 

^u = {xeC: V'-(0, y-) - V+(0, y+) + x + iu e IR+} 

move in clock wise sense when we increase u. The function Go is meromorphic, 
it satisfies Go^(<;«) = 'd^niu) for m G M and has a pole of order greater than 0. 
Thus the curves ^q}, (u) move in counter clock wise sense when u increases. Since 
the action of a on the parameter space is orientation-preserving the same property 
holds true for 'i?^^(u). Equation (|20p implies that the curves i„ move in counter 
clockwise sense when u increases. The function G is meromorphic and has a pole 
of order greater than 0. Thus the curves {x G C : Re{x) € K"*" and Im(x) — c„} 
move in clock wise sense when we increase u. Hence c„ is a decreasing function of 
u. We obtain 

/m(t}(z)) = Co - ci > 0. 
As a consequence f) is orientation-preserving. □ 
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Corollary 8.1. Let 'fi,rj E Diff *]^(C^, 0) with N > 1 such that there exists a home- 
omorphism a satisfying aoip — rjoa. Suppose that the action of a on the parameter 
space is holomorphic (resp. anti-holomorphic) . Then ct^^^q is holomorphic (resp. 
anti-holomorphic) . 

The corollary implies Proposition 1 1 . 1 1 in the case m{Lp) ~ 0. The case m((p) > 
is treated in CoroUarv l9.2l 

Proof. Suppose that the action of a on the parameter space is holomorphic. Con- 
sider the notations in Proposition 18. II Let V' be a petal of 'P\x=q- The functions 

^ Res{X,Q) and ^ Res{Y,Q) 

QeE-ix) QeE-{cr{x)) 

are meromorphic (Proposition 5.2 of [21). The function 

2nii Res{Y,Q)- ^ Res{X,Q)\ 

\QeE-{a(x)) Q<£E-{x) J 

is meromorphic. Hence all the limits of the previous function in sequences tending 
to are equal. We deduce that lim„_>.oo = lim„_>oo G° for any z G C We 
obtain 

V'^(^,)(a(exp(zX^,)(0, y))) - V'^(p,)(^(0, y)) = z 

for y S v. The mappings ip^^p,^ and z — >• exp{zX!^,){0, y) are biholomorphic. As a 
consequence (T|^=o is holomorphic in 7-". Since the union of the petals is a pointed 
neighborhood of the origin we obtain that c^^^q is holomorphic by Riemann's re- 
movable singularity theorem. 

Suppose that the action of a on the parameter space is anti-holomorphic. Denote 
C,{x, y) — {x,y), ry = C o 7y o C and a ^ ( o a. We have a o ip ^ fj o a. The action of a 
on the parameter space is holomorphic. Therefore (T|^^o is holomorphic and ct^^^q 
is anti-holomorphic. □ 

The next result is the General Theorem for the case m{ip) = 0. 

Corollary 8.2. Let (p,ri G DifF*]^(C^, 0) with N > 1 such that there exists a home- 
omorphism a satisfying a o ip = rj o a. Then a\x=o is affine in Fatou coordinates 
(see Definition \2.17^ . Moreover aix=o orientation-preserving if and only if the 
action of a on the parameter space is orientation-preserving. 

Let us remark that if cr^^^o is afhne in Fatou coordinates then it is real analytic 
in {a; = 0} \ {(0,0)}. The corollary is a consequence of Propositions 18.11 18.21 and 
Lemmas ED Ell 

Definition 8.3. Let (p E DifFi(C,0). We say that (f> is analytically trivial if there 
exists a local holomorphic singular vector field Z = a{z)d/dz such that (f> — exp(Z). 
This condition is equivalent to X^, = Xq, for all petals V' , Q' of such that 
n Q' 7^ 0. It is also equivalent to ipf,, — ipQ, being constant for all petals V , Q' 
of (j) such that P' n Q' ^ (V'p/ and ipQ, are Fatou coordinates of (j) in V and Q' 
respectively). 
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Remark 8.2. The condition of being non-analytically trivial is generic among the 
tangent to the identity local difFeomorphisms in one variable. More precisely, every 
formal class of conjugacy (i.e. a class of equivalence for the relation given by the 
formal conjugation) contains a continuous moduli of analytic classes of conjugacy 
and a unique analytically trivial class. These properties are a consequence of the 
analytic classification of tangent to the identity difFeomorphisms (see [11]). 

It is possible to construct affine conjugacies in Fatou coordinates that are not 
holomorphic or anti-holomorphic by restriction to x = if both cp and rj are em- 
bedded in analytic flows (see Section [T0|). They are essentially the only examples. 

Proposition 8.3. Let ip,j] e Diff *]^(C^, 0) with N > 1 such that there exists a 
homeomorphism a satisfying a o ip =^ rj o a. Suppose that either ip\x=o or r]^x=o 
is non-analytically trivial. Then either f)ip,,,,cr = z and a\x=o ^■s holomorphic or 
= z and a'^x=o anti-holomorphic. 

The proposition implies the Main Theorem. 

Proof. The isomorphism f),,.(^.(j-i is the inverse of (li^.jj.o-- Thus we can suppose that 
'^\x=o is non-analytically trivial. 

Let V' be a petal of tp\x=o. Fix (0,y+) £ V . We have 

(fT(0, y)) = 0^(^,) (a(0, y+)) + f)(0^, (0, y) - 0^^, (0, y+)) 

and then 

(€(7") ° ^)(0' v) = ((^ + cpO ° f) ° V^;')(o, v) 

for some c-p' G C and any y ^ V' . Consider two consecutive petals V' and Q' of 
'P\x=o- We consider the changes of charts 

(z + CQ') o t) o t/jg, o o l)-^ o{z- C-p'). 

The left hand side is holomorphic, thus f) o ip"^, o (-0^,)"^ o is also holomorphic. 
We denote H — ip^Q, o {^p'^,)~^, it is holomorphic. The isomorphisms f) and f)^^ are 
of the form [}(z) = <^oz -|- and fl^H-^^) — 5*0^ + Qi'z where go = Q)/(koP — kiP) 
and £ii = -^i/(koP - kiP). We have 

5(()oi?o()-i) _ af)5(ijo()-i) a(,a(Ho()-i) ^ w__ 

o= ~ T 5= 1" a= o= ^ ^0-^^?l + ^l^^Po — 

cTz OZ OZ OZ OZ oz Oz 

Suppose 'fo = 0. Since li(l) = 1 we deduce [} = z. Hence (j^x^o is anti-holomorphic. 
Suppose <;i — 0. Since f)(l) = 1 we deduce t) = z. Hence cr\x=o is holomorphic. Since 
f) o H o is holomorphic we can suppose that dH/dz = dH/dz. The function 
dH/dz is real and then constant by the open mapping theorem. Therefore H is 
of the form az -\- b for some constants a, 6 G C. The constant a is equal to 1 since 
H{z + 1) = H{z) + 1. We obtain Vq. = i^v' + ^- We deduce that X^, = X^,. 
The last property does not hold true for every pair of consecutive petals of ^\x=o 
by hypothesis. Thus u\x=o is either holomorphic or anti-holomorphic. □ 
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Corollary 8.3. Let f,riE Diff *]^(C^, 0) with N > 1 such that there exists a home- 
omorphism a satisfying a o ip = rj o a . Then ^p\x=o is analytically trivial if and only 
if ri\x=Q is analytically trivial. 

Proposition lS.SI describes the invariance of the analytic classes of the unperturbed 
diffconiorphisnis by topological conjugation. Next lemma describes the action on 
formal invariants. 

Lemma 8.3. Let ip,r] ^ Diff * (C^ , 0) with N > 1 such that there exists a homeo- 
morphism a satisfying a o ip ^ rj o a. Then we have 

f)y,^,„(27rii?es^(0,0)) = 27rii?es^(0, 0) or f)y,^,^(27rii?esy (0, 0)) = -27rii?es^(0, 0) 

( see Definition depending on whether or not the action of a on the parameter 
space is orientation-preserving. In particular Re {Re Sip (0,0)) and i?e(i?es,,(0, 0)) 
have the same sign. 

Proof. The sign can be positive, negative or 0. We denote R^p = Res,^{0,0) and 
Rri = i?es^(0, 0). Suppose that either ip\x=o or Vlx^o is non-analytically trivial. 
If (7 is orientation-preserving on the parameter space then f) = z and cr^x=o is 
holomorphic by Corollary 18.21 and Proposition 18.31 The result is a consequence of 
the residues being analytic invariants. If a is orientation-reversing on the parameter 
space then cr|a;=o is anti-holomorphic and () = z by CoroUarv 18.21 and Proposition 
18.31 The equation i?^ = R^ implies t)(27rzi?^) = —2niRjj. 

Suppose that both f\x=o ^^id ri\x=o ^-re analytically trivial. Let and X'' the 
local vector fields defined in x = such that (p\x=o — exp(X'^) and r/^x^o — exp(X''). 
Consider Fatou coordinates V'x ^^"^ "^x of -^"^ ^^'^ -^^ respectively. The complex 
number 27rii?^ is the additive monodromy of V'x along a path turning once around 
the origin in counter clock wise sense. Since we have 

{rxO<y){0,y)^ii)oyj^){0,y)+c 

for some c G C then l){2T:iR^) = ±27ri_R^ depending on whether f) is orientation- 
preserving or orientation-reversing. 

Suppose that f) is orientation-preserving. We obtain 

sign(i?e(i?^)) = sign(/TO(()(27rii?^))) = sign(/m(27rii?y)) = sign(i?e(i?,^)). 

We have 

sign(i?e(i?^)) = — sign(/rn(l)(27rii?;^))) = sign(/TO(27rii?y)) ~ sign{Re{R^)) 
when f) is orientation-reversing. □ 

8.2. Analytically trivial case. In this section we study the properties of affine 
conjugacies (in Fatou coordinates) in the non-analytically trivial case. Examples of 
the specific kind of behavior described in next propositions are presented in Section 

m 

Consider (p,r] e Diff*j(C^,0) with iV > 1 and a topological conjugation a. Sup- 
pose that (p\x=o is analytically trivial. There are two fundamentally different cases. 
On the one hand if Res^{0,0) £ iM. there are plenty of (Fatou) affine mappings 
conjugating (p\x=o a-nd V\x=o but (p\x=o ^tnd ri\x=o are always analytically or anti- 
analytically conjugated. On the other hand if Res^{0,Q) ^ there is rigidity of 
conjugations. In fact there are at most two conjugations (up to precomposition 
with elements of the center of f\x=o in Diff (C,0)) and in general none of them is 
holomorphic or anti-holomorphic. 
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Proof of Proposition \1.3[ Both residues ReStp{0, 0) and i?es,,(0, 0) belong to iM. by 
Lemma lS.BI Suppose that a is orientation-preserving on the parameter space. The 
map [) satisfies f)|i{ = /d (Proposition [521) • Then we have 

2TTiRes^{0,0) = i){2TTiRes^{0,0j) = 27rii?es,,(0, 0) 

by Lemma 18.31 Since v{ip^^^q) = v{r/^^^f)), ReSip{0,0) — i?es^(0,0) and ip\x=Q, 
r]\x=o are analytically trivial then ipix=o and ri^x=o are analytically conjugated. 
Suppose that a is orientation-reversing on the parameter space. We have 

2TriRes^{0,0) = t)(27rii?es<^(0, 0)) = ~2niRes,,{0,0) = 27rii?es^(0, 0) 

by LemmaHSl Since i^{(p\x=o) = '^{V\x=o), Res^{0, 0) = i?es,,(0, 0) and if\x=o, V\x=o 
are analytically trivial then (p\x=o, V\x=o are anti-holomorphically conjugated. □ 

Proposition 8.4. Let (p,ri ^ Diff *]^(C^, 0) with N > 1 such that there exists a 
homeomorphism a satisfying a o ip — rj o a . Suppose that either (f\x=t) or ri\x=Q is 
analytically trivial. Suppose that either Res,^{Q^Q) ^ iM or i?es^(0;0) ^ iR. Then 

• If '^\x=o is orientation-preserving then cr|a;=o is holomorphic if and only if 
i?es^(0,0) = i?es,,(0,0). 

• If ^\x=o is orientation-reversing then a\x=o is anti-holomorphic if and only 
if Res^{0, 0) = Res,j{0,0). 

• If Res^{0, 0) ~ Res^{0, 0) G M* then a\x=o is holomorphic or anti-holomorphic. 

• If Res^{0,Q) ^ {i?es,,(0, 0), i?es,j(0, 0)} then (p\x=o and ri\x=o are neither 
holomorphically nor anti-holomorphically conjugated. In particular cryx^o 
is neither holomorphic nor anti-holomorphic. 

Consider a pair of homeomorphisms a, a conjugating (p, rj and such that both are 
orientation-preserving or orientation-reversing. Then we obtain (J\x=o — '^\x=o ° 4' 
for some holomorphic (j) G Diff (C, 0) commuting with ip\x=G- 

Proposition 18.41 implies Proposition [T21 

Proof. The isomorphism [} satisfies f)(27rzi?es;^(0, 0)) = ±27rzi?es,j(0, 0) (Lemma 
18. 3p and \]\^ = Id fProposition I8.2p . Thus \) depends only on wether or not cryx^o 
is orientation-preserving. We deduce 

if (7, a have the same orientation. The mapping (ct^^ o <7)\x=o is holomorphic and 
commutes with (p\x=o. 

We denote i?^ = i?es^(0, 0) and R^ = i?es^(0,0). Suppose that cr^x=o is 
orientation-preserving. The equation i){2TriR^) = 27r«i?^ in Lemma 18.31 implies 
that [} = z is equivalent to Rip = Rr^. Hence (J\x=q is holomorphic if and only if 

Rip Rrj • 

Suppose that cr|2:=o is orientation-reversing. The equation k)(2-KiRp) — — 27rzi?^ 
in Lemma [8.31 implies that f) = z is equivalent to R^ = R-q. Hence cr\x=o is anti- 
holomorphic if and only if R^ = i?,,. 

The third item is a consequence of the previous ones. Suppose R^ ^ {_R,,,i?^}. 
Then ip\x=o and Vlx^o are neither holomorphically nor anti-holomorphically conju- 
gated. □ 
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Remark 8.3. The results in this section (except the statements involving orientation- 
preserving actions on the parameter space) hold true for higher dimensional un- 
foldings Lp{xi, . . . , x„, y) = (xi, . . . , Xn, F{xi, . . . , Xn, y)) of tangent to the identity 
diffeoniorphisms with > 1. The idea is that Long Orbits O = (ip, y+, (3, T) satisfy 
Propositions 17.31 17.81 and 17.91 Otherwise there exists a sequence a„ € /? such that 
no subsequence satisfies the tracking properties in Proposition 17.31 The construc- 
tion of the dynamical splitting amounts to desingularize the fixed points set by a 
finite sequence of blow-ups. Then up to take a subsequence of a„ we can use the 
machinery in Section [7] to obtain a contradiction. 



9. Topological conjugacies for unfoldings of the identity map 
Let ip,ri G Diffpi(C^,0) such that there exists a homeomorphism a satisfying 

a o ip — rj o a. Suppose that m m{(p) > 0. The unfoldings of the identity map 
are easier to study than the elements of Diff *]^(C^, 0). We can construct analogues 
of the Long Orbits by iterating 0(l/|a;|™) times a diffeomorphism starting at a 
point (x,2/o)- In this way we obtain analogous results to the ones in Section|51 

- def 

The number m — m{ri) is positive too. Consider convergent normal forms X , 
Y of ip and rj respectively. The vector fields X, Y can be written in the form 
X — x"^Xo and Y — x^Yq where Sing(Xo) and Sing(yb) do not contain x — Q. We 
obtain e (x^™) and A,, e (a;^*) (see Definition [2H) . 

Fix /X g S""^. Let x„ be a sequence such that a;„ — >■ and a;„/|a;„| — >■ ji. Con- 
sider s € R and T„ = [s/|x„|™]. We want to study the behavior of the sequence 
(y5^" (x„, yo)- Let be a Fatou coordinate of X. We have 



(■0 O ip^"- - (-0 + Tn)){Xn,yo) 



^ (Ay O (p^){Xn,yQ) 
3=0 



0[xl 



It implies 

(21) lim p^"(xn,yo) = lim exp(T„X)(x„, yo) = exp(s/x™Xo)(0, yo) 

for any yo e B(0, e). 

The next two lemmas are intended to show that the conjugation a is well-behaved 
even if we consider a real blow-up in the parameter space. 

Lemma 9.1. There is no subsequence of \a{xn)\"^ /\xn\"^ converging to or oo. 

The conjugating mapping a is of the form a{x, y) = ((7o(a;), <Ji{x, y)). We define 
a{x) = ao{x). 

Proof. We denote a„ = |cr(x„)|'"/|a;„|™. Suppose lim„_>.oo ctn = oo. Up to consider 
a subsequence we can suppose that cr(x„)/|cr(a;„)| converges to jl € S^. Since 



|(T(a;„)|''" = a„|a;„|™ then lim„^oo an|a;„|'' 



T' = 



0. We define 



s 




S 


_Cl'fi\Xn\^^^ 




ik(^n)l"J 



We deduce lim„^oo p'^'^{xn,yo) = (0,yo) for any yo G B{0,e). The equation 



lim 77'^'''(cr(a;„,yo)) = lim exp(T^y)(o-(a;„, yo)) = exp(s/2™ro)(cr(0, yo)) 
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is the analogue of Eq. (|21|) for 77. The mappings ip and 77 are conjugated, hence we 
obtain (t(0, y) = exp(s/i™yb)(f(0, y)) for any s e M. This is impossible since x — Q 
is not contained in Sing(lo)- 

The case lim„_j.oo a„ = is impossible too. The proof is analogous by defining 

Lemma 9.2. The limits 

ct^{pl) = hm ' ^ \ and cr(/i) = Imi ^ ^ 



exist particular cru : S"'^ — > M+ and ct : S"'^ — > S"'^ are continuous. 

Proof. Consider sequences a;„, i„ such that lim„_j.oo x„ = lim„_j.oo in = 0, both 
sequences a;„/|a;„|, converge to and the limits 

"0 = lim — ^ r— , Mo = hm -p-p — ry, ai = hm . , = 1™ 



n-J-oo \Xn\"^ ' ri-i-oo |(T(a;„)|' n-i-oo \Xn\"^ ' n-foo |cr(a;„)| 

are well-defined. It suffices to prove that oq = ai and /ip = /^i- 
We define r„ = [s/|a;„|™] and = [s/|£„|™]. We obtain 

lim (/3'^"(a;„,2/o) = 1™ exp(sM"'Xo)(0, yo) = 1™ <^^"(£„,yo) 

n— ^00 n— >C30 n— fcxD 

for any j/o G 5(0, e) whereas we have 

lim ■q^"'{a{xn,yo)) = exp(sao/i™yo)(o'(0, yo)) 

n— f 00 

and 

lim ?7'^"(cr(x„,yo)) = exp(saiM™yo)(o-(0, 2/0)) 



for yo G 5(0, e) and s £ R. We deduce ao/i™ = oi/i™ and then oq = ai and 
^™ = /x'j". Consider a connected set such that E^^ n ({0} x S^) = {(0,/^)} and 
containing the sequences Xn and i„. Hence cr(i?) adheres to a connected set of 
directions contained in the finite set {A € §^ : A'" = M™}- As a consequence ct{E) 
adheres to a unique direction and fiQ = fii. □ 

Lemma 9.3. Let ijj be a Fatou coordinate oJYq. There exists a R-linear isomor- 
phism f) : C — > C such that 

i^oao exp(zXo))(0, y) ~ o a)(0, y) = fi(z). 

In particular 1} does not depend on y. The mapping a is orientation-preserving on 
the parameter space if and only if the mapping (] is orientation-preserving. Moreover 
a : ^ §^ is a homeomorphism and m — m. 

Proof Fix z = X\z\. Consider /i e with A = /i™. We define T'{x) = [Izl/lx]"]. 
We have 



lim ^p'^ ^^'{x,yo) — lim exp 

2:— x—^O 



x'^Xo {x,yo) = exp{zXo){0,yo) 



,T'(x)( 

for yo e 5(0, e). We obtain 

a(x)™ro ) {aix,yo)) 



xGfJ.R'^ xeiiR+ / 

lim rf" (a{x,ya)) = lim exp ( 
x—t-O x^O \ 
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and then 

r;^'(-)(a(x,2/o)) =exp(|z|aj(M)™^(A^rro)(fT(0,yo)) 

for yo e B{0,e). This imphes f)(z) = \z\a^{fi)"^a{iJ.)"^ . Clearly the value of f) does 
not depend on yo. 

Analogously as in Proposition 18.21 we can show that f) is a linear isomorphism. 
The mapping ct is a homeomorphism that satisfies f)(/i™) = f7u(/i)™(T(/i)™ for any 

G Thus f) is orientation-preserving if and only if the action of a on the 
parameter space is orientation-preserving. Notice that when /i turns once around 
the path /i — > f)(/i™) turns m times and /i — > ^(/i)™ turns m times. We obtain 
m — rh. □ 

Corollary 9.1. Let ipj-rj G Diffpi(C^,0) with m{(p) > such that there exists a 
homeomorphism a satisfying aoLp = rjoa. Then we obtain m{ip) = m{rj). Moreover 
'^\x=o affine in Fatou coordinates. The mapping (J\x=o is orientation-preserving 
if and only if the action of a on the parameter space is orientation-preserving. 

Corollarv l9.1l is the General Theorem for the case m{(p) > 0. Let us remark that 
cr^rc=o is real analytic in x = if iV = and it is real analytic in {x = 0} \ {(0,0)} 
if A'' > 1. The proof of Corollary [93] is analogous to the proof of Corollary [821 

The next result completes the proof of Proposition 11.11 

Corollary 9.2. Let ip^rj E Diffpi(C^,0) with m{ip) > such that there exists a 
homeomorphism a satisfying a o ip = rjo a. Suppose that the action of a on the pa- 
rameter space is holomorphic (resp. anti-holomorphic) . Then (T|2;^o holomorphic 
(resp. anti-holomorphic). 

Proof. Suppose that the action of a on the parameter space is holomorphic. Hence 
(Tj is constant and a is of the form A i— >■ /iA for some G We obtain that f) 
is of the form <jz for some <r G C*. Thus a\.j.^o is holomorphic. If the action of 
a is anti-holomorphic we argue as in Corollary 18.11 to reduce the situation to the 
previous one. □ 

We present two examples of conjugating mappings a such that a\x=Q is not 
necessarily holomorphic or anti-holomorphic. They correspond to the cases = 
and A^ = 1 respectively. 

Example 9.1. Consider X — x'"'^d/dy. Fix a R-linear mapping f) : C ^ C. We 
define ctj : ^ M+ and o" : -> by using the formula f)(A") = crtt(A)™CT(A)" 
for A G We define the homeomorphism 

a{rX,y) ^ {r<Ji{X)a{X),Uy))- 

The vector field X|^^^(^a) is r"'a^{X)"'a{Xy''d/dy = r"'l}{X"')d/dy. The real flows 
of X\x=r\ and X\x^^(^rX) are 

0,(y) -y + sr™A" and ^,(y) = y + sr™()(A") 

respectively for s G M. Clearly the K-linear mapping f} conjugates them. Thus a 
commutes with exp{X). It is R-linear when m ~ 1. Moreover CT|j.=o is holomorphic 
(resp. anti-holomorphic) if and only if f} is holomorphic (resp. anti-holomorphic). 
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Example 9.2. Consider X — x^yd/dy for some m G N. We define f)(z) — 3z/2 + z/2 
and the homeoniorphisni 

cr{rX,y) = (rcru(A)o-(A),y|y|) 

by using the formula [)( A™) = ctj (A)'"a-(A)'". The vector fields X|j.=rA and ^[^.^^(rA) 
are equal to r"^X"^yd/dy and f)(r™A™)?/9/(9?/ respectively. The real flows of X^x=r\ 
and Xia:=a(r\) are 

03(y) = e^'-'"^"2/ and = e^''^^^'")?/ 

respectively for s G M. We have 

for y G C and s G M. Thus cr commutes with the real flow of X and then with 
exp(X). The mapping a\x=o is neither holomorphic nor anti-lioloniorphic. More- 
over cr|j;=o is real analytic in {a: = 0} \ {(0,0)} and it is not a diffeomorphism 
in the neighborhood of 0. 

Remark 9.1. Let ip,'q e Difrpi(C"+\ 0) with I '^^^ {xi = . . . = x,, = 0} C Fix{ip) 
such that there exists a homeomorphism a satisfying a o ip — rj o a. It is easy to 
prove analogous results to the ones in this section if every irreducible component 
of Fix((p) containing [ is a union of fibers of the fibration dxi — . . . — dxn — 0. In 
general we can reduce the situation to the previous one by blowing up centers that 
are union of lines of the form {xi = ci} n . . . H {xn = c„}. 

10. Building examples 

Let us construct topological conjugations between real flows of vector fields in 
Xpi (C^ , 0) whose restrictions to x = are neither holomorphic nor anti-holomorphic 
in the case iV > 1, m = 0. We choose the case = 2 for the sake of simplicity. 
This section provides examples for the exceptional cases covered by Propositions 
O and EH 

10.1. Description of the construction. Consider complex numbers a, G C and 
a M-linear orientation- preserving isomorphism [) : C — > C such that f)(l) = 1 and 
f)(27rza) = 27Tib. In particular Re{a) and Re{b) have the same sign. We define 

X^l^l and Y=y"-''^ 



I + ay dy 1 + by dy 

The residue functions of X satisfy 

Resxix, y/x) = i + a^ , Resx{x, -^/x) = ^ + 

Consider a germ of homeomorphism r defined in a neighborhood of in C such 
that f)(7rj/y^) = mj ^Jt(x) for any x defined in a neighborhood of 0. In this way 
we obtain 



(22) ()(27rii?esx(a;,±VJ)) = 2■K^ResY{T(x),±^J t(x)) 

for any x in a neighborhood of 0. The isomorphism f) is of the form t}(z) = croz-t-^iz 
with ji^^ol > ki|- We obtain 

(23) "^0 "^i ^ 1 ^ ^ = (Tu ?i ^ 



IX 



IX 
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Fix a point yo G B{0, e) \ {0} close to 0. Let tpx, i^Y be Fatou coordinates of X, 
Y such that il}x{x,yo) = %l^Y{x,yQ) = 0. We want to define a homeomorphisni a 
conjugating 3?(X) and "^{Y) such that 

• (T is of the form a{x, y) = {T{x),a^ {x, y)). 

• (7{x, yo) — iT{x), yo) for any a; in a neighborhood of 0. 

• ipY o a o exp(zX) — iJjy o a = t){z) for any z G C. 

Let us remark that the monodromies of (() o ^x){xQ,y) and ?/;y (r(xo), y) around 
(xoji^/aio) and {T[xo),±yjT{xo)) respectively coincide by Eq. ^F^. The natural 
way of defining a is by using the equation () o -j/jx = i/'y ° ct- 

10.2. The method of the path. In order to prove the existence of a satisfying 
f) o ijjx = ipY o cr we apply the method of the path (see [25], [15]). First we relocate 
the points in Sing(y) by considering the change of coordinates y — yy^T{x)/x 
for the parameter t{x). This corresponds to the change of coordinates a{x,y) = 
{x,y^x/T^'^{x)). We obtain 



Y{T{x),y)^ 



^ yj ^^^^ d _ y' 



l + byy/f{x)/y/^ y^Hx)dy y/x 1 + by y/f{xj / y/^ dy 



in the new coordinates. Let us point out that the change of coordinates a is not 
well-defined at x = 0. It is not very pathological either since ^/xJt~^x) is bounded 
away from and oo for x in a neighborhood of (see Eq. (j23p ). 
Let us consider the function 

* = {1- s)H)oi;x){x,y) +s^Y ^r(x), ^^^^y^ =^i+t^2- 

In general ^' is neither holomorphic nor anti-holomorphic. Roughly speaking all the 
functions 4'(so,a^, have the same poles and the monodromy around those poles 
does not depend on sq. We are trying to conjugate ^{X) and a*{^{Y)). In order 
to do this we want to find a continuous vector field Z defined in coordinates (x, y, s) 
in a neighborhood of {(0, 0)} x [0, 1] in ((C* x C) U {(0, 0)}) x C of the form 

rv 9 , ,9 , . d 

Z = Tr + ci{x,y,s)- h C2{x,y,s) — 

OS dyi dy2 

where y = yi + iy2 ■ Moreover we ask Z to satisfy 

• Z(*) = 0. 

• Cj is a continuous function defined in a neighborhood of {(0, 0)} x [0, 1] in 
((C* X C) U {(0, 0)}) X C and vanishing at y^ - x ^ for any j e {1, 2}. 

The idea is that for such Z the mapping exp{Z){x,y,0) conjugates ^(X) and 
a*iJSi{Y)) in a neighborhood of (0, 0) in (C* x C) U {(0, 0)}. We define 



p= {t}o Tpx)ix, y) - -iJjY t{x), — j^y 



The equation Z{'i') = is equivalent to 

+ c 

+ C2^ ^ Im{p) 




C2^ = Re{p) 

*2 



54 



JAVIER RIB6n 



The solutions are 



(24) ci 



^ Im{p) 





9*1 


, C2 = 


9*1 9*1 
















Ik Hi 


aj/i 


dv2 




93/1 9j/2 



The denominator D of the previous expressions satisfies D = Id'^/dy]^ — Id^/dy]"^. 
We have 



9y 
9* 



= (i-sKi(i±f). 

Lemma 10.1. T/ie function D\y'^ — is hounded away from and oo. 



Proof. Consider the function k = (1 — s)<;o + s^Jx/ ^Jt{x). ft suffices to prove that 
K. is bounded by below for x in a neighborhood of and s in a neighborhood of [0, 1] 
and that we have s)|/|(f — s)<ji| > C > f for some constant C G M+. Notice 
that K is bounded by above. The property \fxl^T(x) = co — (;\\fxl\fx implies 



\k{x,8)\ = 

for s e [0,1]. We have 

\K{x,s)\' = {l-sf\<;o\' + s' 

and 



> kol - kil > 



+ 2s(l - s)i?e Co 



-Re <Jo- 



>ko| -kolki|>o. 



We deduce that |«;| > |(1 — s)co| > C\{1 — s)<?i| for some constant C > 1. 



□ 



The next step of the proof is showing that (y^ — x)p can be extended as a 
continuous function vanishing at 2/^ — x = 0. Wc define the auxiliary functions 



R± 



1 



(coa - b) 



and 



p = R+ix) In \y - v^|2 + i?_(x) In \y + 
Notice that f)(27ria) = 27ri6 implies b = co« — ft a. We have 

5p _ ■R+(a:)(j/ + -y/i) + R_{x){y - y/x) _ dp 
dy y^ — X dy 

and 

1 + ay\ _ dp 
dy' 



dp (?oa - h)y + 



= Ci 



Lemma 10.2. The function p — p is a hounded function of x. 
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Proof. It is obvious that p — p is constant in each hne x — xq. Since p{x,yo) is 
bounded by construction it sufhces to show that p{x, yo) is bounded in the neigh- 
borhood of 0. We have 



1 



2\/i 

It sufhces to prove that 

p{x,yo, 

is bounded. We have 

1 / 



AM 



hi 



yo - 



yo + 



+ (<;oa - b) In {y^ - 



dcf 



"^0 



2V^ \ 



In 



yo - 



P{x,ya) 



^0 



In 1 - 2- 



yo + \/x 



V^yo + V^yo 



and then 



is bounded. 



p{^,yo) 



I2/0P + \/xyo + y/xyo + |a::| 

2/0 yoV^ 



□ 



Lemma 10.3. We have ^im(x,y)^{xo,yo) p{^iy){y'^ — x) — for any (a;o,yo) 'in- the 
curve y^ — X = 0. 

Proof. It suffices to show the resuh for p, see the proof of Lemma 110.21 Suppose 
(xo^yo) = (0,0), otherwise the proof is straightforward. 
Suppose that \y/y/x\ < 8. We have 



9 

\p{x,y){y^-x)\ < - 



To 



{\y -V^\\\n\y~ V^\^\ + \y + V^\\ln\y + V^f\) 



We deduce lim|y/yj|<8, (x,y)^(o,o) p{x,y){y'^ - x) = 0. 
Suppose that \y/y/x\ > 8. We have 



\p{x,y){y'^ - a;)| < 



2^/b 



<^0 



\y'~x\ 



In 



y- yjx 



y + Vx 



and then 



\p{x,y){y'^ - x)\ < 



2J\x 



To 



\y'-x\C 



for some C G 1 

\pix,y){y'^ - x)\ < 



We obtain 
C 



To 



65C, , 



To 



We deduce lim^y/^^yg^ {x,y)^{o,o) p{x,y){y'^ -x)^Q. 



□ 



Lemma 10.4. The functions ci and 02 are continuous. They are defined in a 
neighborhood o/{(0,0)}x [0, 1] in ((C* x C) U {(0, 0)}) x C and vanish aty'^~x = 0. 
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Proof. Let us prove the result for ci without lack of generality. Equation ([M)) and 
Lemma 110.11 imply that it suffices to show that 



\y'-x\' 



Im(p) ^ 



tends to when we approach a point of y — a: = 0. Since d'^j/dyk = 0{l/{y — x)) 
for all j,k £ {1,2} the property is a consequence of Lemma [10.31 □ 

10.3. Consequences of the construction. We have all the ingredients required 
to provide examples of exceptional conjugating mappings that are not holomorphic 
or anti-holomorphic. Hence the condition requiring the unperturbed diffeomor- 
phisms to be non-analytically trivial in the Main Theorem can not be removed. 

Proposition 10.1. The mapping a\,{x^y) — exp(Z)(a;, y, 0) conjugates 3?(X) and 
CT*(5R(y)) in a neighborhood of (0,0) in (C* x C) U {(0,0)}. Moreover the map- 
ping a = a o a\, is a homeomorphism conjugating 5ft(X) and yt{Y) defined in a 
neighborhood of (0, 0). Moreover a and are real analytic outside y^ — x — 0. 

Proof. It is clear that a\, and its inverse exp(— Z)(a;, y, 1) satisfy the properties by 
construction. The mapping a conjugates di{X) and 5R(F). The remaining issue is 
the study of the properties of a in the neighborhood of the line x = 0. 

Suppose a € iR. Then we have a — b and we define I}ii(z) = (1 — u)z + uf)(z) 
and ttu — a for u e [0, 1]. If a ^ zM the real parts of a and b have the same sign 
since f) is orientation preserving. We define a„ = (1 — u)a + ub and flu : C — > C 
as the R-linear mapping such that f)ti(l) = 1 and ()„(27rm) = 27rza„ for u G [0, 1]. 
We define X„ = [(y^ — x)/{l + a„y)]9/i9y and a Fatou coordinate i/'u of Xu such 
that tpu{x,yo) = for u G [0, 1]. We denote by au the diffeomorphism obtained by 
applying the previous method to X, X„ and We obtain ctq = Id and di = a. 
Since cr^ depends continuously on u and au conjugates the functions f)„ o ipx and 
ipu we obtain au{x,yo) = (r„(a;),yo) for all u e [0,1] and x in a neighborhood of 
0. In particular we deduce a{x,yo) — (T(a;),yo) for any x in a neighborhood of 0. 
The equation [) o ipx = "ipY ° cr implies that a and a^^ are real analytic outside 
y2 - X = 0. □ 

Example 10.1. Consider 6 = a S iK and a R-linear orientation-preserving iso- 
morphism such that t)(l) — 1. Then the mapping a provided by Proposition 110.11 
satisfies a*{^{X)) = di{X) and aoexp{X) = exp(X)ocr. Moreover a is holomorphic 
if and only if f) = z. 

If [} is orientation-reversing consider the conjugation a associated to {X, X,zol)). 
Now C o a conjugates 3fi(X) and ^(Y) where Y — [(y^ — x)/{l + ay)]d/dy and 
Cix,y) = {x,y). The mapping f)oxp(Js:),exp(Y),Coo- is equal to f). We described both 
situations in Proposition 11.31 where the diffeomorphisms by restriction to x = are 
holomorphically (resp. anti-holomorphically) conjugated but the conjugation is not 
holomorphic (resp. anti-holomorphic) in general. 

Example 10.2. Consider a,b ^ iS. such that Re{a)Re{b) > 0. Let f) be the M-linear 
mapping such that — I and t)(27rza) = 27rz6. Then the mapping a provided by 
Proposition 1 1 . 1 1 satisfies a*{^{Y)) = ^(X) and croexp(X) ~ exp(F)o(T. Moreover 
(T is holomorphic if and only if a = 6. 

Let [) be the R-linear mapping such that f)(l) = 1 and t){2TTia) = —2'Kib. We 
obtain {zo [))(27ria) — 27ri6. Then the mapping a provided by Proposition llO.il and 
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associated to X,Y ^ [{y^ - x)/{l + by)]d/dy and zo [) satisfies a*{n{Y)) = n{X) 
and a o exp(X) = exp{Y) o a. The homeomorphism C o cr conjugates 3?(X) and 
3?(y). Moreover C o cr is anti-holomorphic if and only if a = fe. We described tliese 
situations in Proposition [8]4l 

References 

[1] D. Cerveau and R. Moussu. Groupes d'automorphismes de (C,0) et equations difTerentielles 

ydy-i = 0. Bull. Soc. Math. France, 116(4):459-488 (1989), 1988. 

[2] Dominique Cerveau and Paulo Sad. Problemes de modules pour les formes difTerentielles 

singulieres dans le plan complexe. Comment. Math. Helv., 61(2):222-253, 1986. 
[3] A. Douady, F. Estrada, and P. Sentenac. Champs de vecteurs polynomiaux sur C. To appear 

in the Proceedings of Boldifest. 
[4] J. Ecalle. Theorie iterative: introduction a la theorie des invariants holomorphes. J. Math. 

Pures Appl. (9), 54:183-258, 1975. 
[5] William Fulton and Robert MacPherson. A compactification of configuration spaces. Ann. of 

Math. (2), 139(l):183-225, 1994. 
[6] A. A. Glutsyuk. Confluence of singular points and the nonlinear Stokes phenomenon. Trans. 

Moscow Math. Soc, pages 49-95, 2001. 
[7] Morris W. Hirsch and Stephen Smale. Differential equations, dynamical systems, and linear 

algebra. Academic Press [A subsidiary of Harcourt Brace Jovanovich, Publishers], New York- 
London, 1974. Pure and Applied Mathematics, Vol. 60. 
[8] Yu. S. Il'yashenko. Topology of phase portraits of analytic differential equations on a complex 

projective plane. Trudy Sem. Petrovsk., (4):83— 136, 1978. 
[9] Yulij Ilyashenko and Sergei Yakovenko. Lectures on analytic differential equations, volume 86 

of Graduate Studies in Mathematics. American Mathematical Society, Providence, RI, 2008. 
[10] P. Lavaurs. Systemes dynamiques holomorphes: explosion de points periodiques paraboliques. 

PhD thesis, Universit de Paris-Sud, 1989. 
[11] F. Loray. Cinq legons sur la structure transverse d'une singularite de feuilletage holomorphe 

on dimension 2 complexe. Monographies Red TMR Europea Sing. Ec. Dif. Fol., (l):l-92, 

1999. 

[12] B. Malgrange. Travaux d'Ecalle et de Martinet-Ramis sur les systemes dynamiques. In Bour- 
baki Seminar, Vol. 1981/1982, volume 92 of Asterisque, pages 59-73. Soc. Math. France, 
Paris, 1982. 

[13] P. Mardesic, R. Roussarie, and C. Rousseau. Modulus of analytic classification for unfoldings 

of generic parabolic diffeomorphisms. Mosc. Math. J., 4(2):455-502, 535, 2004. 
[14] David Marfn. Rigidity of certain holomorphic foliations. Proc. Amer. Math. Soc, 

134(12):3595-3603, 2006. 
[15] Jean Martinet. Remarques sur la bifurcation noeud-col dans le domaine complexe. Asterisque, 

(150-151):131-149, 186, 1987. Singularites d'equations differentielles (Dijon, 1985). 
[16] V. A. Naishul'. Topological invariants of analytic and area-preserving mappings and their 

application to analytic differential equations in and CP^. Trudy Moskov. Mat. Obshch., 

44:235-245, 1982. 

[17] Isao Nakai. Separatrices for nonsolvable dynamics on C,0. Ann. Inst. Fourier (Grenoble), 
44(2):569-599, 1994. 

[18] A. Lins Neto, P. Sad, and B. Scardua. On topological rigidity of projective foliations. Bull. 

Soc. Math. France, 126(3):381-406, 1998. 
[19] R. Oudkerk. The parabolic implosion for fo{z) = z + z'^+^ + 0(2"+^). PhD thesis. University 

of Warwick, 1999. 

[20] Julio C. Rebelo. On transverse rigidity for singular foliations in (C^,0). Ergodic Theory 

Dynam. Systems, 31(3):935-950, 2011. 
[21] Javier Ribon. Formal classification of unfoldings of parabolic diffeomorphisms. Ergodic Theory 

Dynam. Systems, 28(4):1323-1365, 2008. 
[22] Javier Ribon. Modulus of analytic classification for unfoldings of resonant diffeomorphisms. 

Mosc. Math. J., 8(2):319-395, 400, 2008. 
[23] Javier Ribon. Unfoldings of tangent to the identity diffeomorphisms. Asterisque, (323):325- 

370, 2009. 



58 



JAVIER RIB6n 



[24] Javier Ribon. Topological classification of families of diffeomorphisms without small divisors. 

Mem. Arner. Math. Soc, 207(975):x+166, 2010. 
[25] Robert Roussaric. Modeles locaux de champs ct de formes. Asterisque, (.30):181 pp., 1975. 
[26] Christiaiic Rousseau and Colin Christopher. Modulus of analytic classification for the generic 

unfolding of a codimension 1 resonant diffeomorphism or resonant saddle. Ann. Inst. Fourier 

(Grenoble), 57(l):301-360, 2007. 
[27] A. A. Shcherbakov. Topological and analytic conjugation of noncommutative groups of germs 

of conformal mappings. Trudy Sem. Petrovsk., (10):170-196, 238-239, 1984. 
[28] Mitsuhiro Shishikura. Bifurcation of parabolic fixed points. In The Mandelbrot set, theme and 

variations, volume 274 of London Math. Soc. Lecture Note Ser., pages 325-363. Cambridge 

Univ. Press, Cambridge, 2000. 
[29] S. M. Voronin. Analytic classification of germs of conformal mappings (C, 0) — >■ (C, 0). 

Funktsional. Anal, i Prilozhen., 15(1):1-17, 96, 1981. 

Instituto de Matematica, UFF, Rua Mario Santos Braga S/N Valonguinho, Niteroi, 
Rio de Janeiro, Brasil 24020-140 



